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TOM TAT
Qua trinh ngau nhién khuéch tan-nhay la mot trong nhiing bai toan thudng gap trong thuc té, thi
du nhu céc bai todn truyén song, truyén nhiét, nhiéu, dong chay réi,.. Nguai ta thudng xét ching
trong cac mé hinh lién quan dén cac qua trinh ngau nhién nhu qué trinh Wiener, qua trinh Levy,
qua trinh Ito-Hermite, va da dugc dé cap dén trong cac cong trinh clia nhiéu nha nghién ctu trén
thé gidi nhu G. D. Nunno, B. Oksendal, F. B. Hanson... Theo huéng nghién ctiu nay chiing téi da xem
xét va gidi quyét cac van dé sau: (1) Qua trinh khuéch tan-nhay (con goi la qua trinh Ito-Levy); (2)
Gidi phuong trinh vi phan khuéch tan-nhay ngau nhién tuyén tinh, trong trudng hop mot chiéu;
(3) Tinh tich phan Wiener-Ito boi cho I8p qué trinh ngau nhién Ito-Hermite. Phuong phap chinh dé
giai quyét cac van dé trong phan trinh bay nay la cac phép toan vi-tich phan ngdu nhién Ito cho
qua trinh ngdu nhién lién tuc két hop véi véi phan vi phan nhay theo dé do ngau nhién Poisson.
Nghién ctu clia chiing téi nham muc dich phan tich cac tinh chat co ban clia qua trinh khuéch
tan-nhay, day la giai phap cho cac phuong trinh vi phan ngau nhién khuéch tan-nhay tuyén tinh,
theo dana: dX (1) = [o(t)X (17) +A(r)]de + [B(1)X (1) +
I B()]dW (1) + [, [¥(1,2)X () + Gl1,2) N (1 d2)
nhién {a, B,7,A,B,G} va gid sU rang qua trinh Poisson bu N(t, z) doc lap véi qua trinh Wiener
W(t). Xudt phat tir cac cong thic Ito-Hermite cho qua trinh Ito-Hermite va cho 16p qua trinh Ito-
Levy, chiing t6i da trinh bay két qua nghién ctu su tich hgp vi phan ngau nhién da chiéu cho qua
trinh Ito-Hermite. Chung t6i clng dua ra phuong phép tach nghiém dé giai phuong trinh vi phan
khuéch tan-nhay tuyén tinh.

v&i mot tap cac ham lién tuc ngau

Tur khoa: qua trinh Poisson, qua trinh Wiener, qua trinh Ito-Hermite, tich phan Wiener-Ito boi

QUA TRINH KHUECH TAN-NHAY (CON GOI LA QUA TRINH ITO-LEVY)

Pinh nghia 1 (Qua trinh khuéch tan-nhay)

Cho W(t) = (Wy (£),Ws (1),..., W1 (¢))7;2 > 0,13 chuyén dong Brown n| chiéu, va d do ngiu nhién Poisson
ny chiéu:

[(dt,dz) = (T1(dt,dz1),Ta(dt,dz3),. .., Tny (dt,dzy, )T 5t > 0;

z2=1(z1,22,---,2n,) € (Rp)™;n1,np €N.

Qud trinh ngiu nhién khuéch tdn-nhdy n chiéu 1a qué trinh ngau nhién biéu dién dugc dudi dang (cac diéu kién
dugc théhién trong cac tailiéu ' =): X () = X (0) + f§ a(s, 0)ds+ [§ B(s, 0)dWs+ [ Jroy= ¥(s:2, o) (ds,dz),
trong do:

o(t,0) = (a; (t,0),0 (t,0),...,0, (t,0)) : [0,T] x Q — R";

B(t,w)= (ﬁz‘j)mml 20, T xQ — R™™;
y(t,z,0) = (% (t,zj,a)))nxn2 : [0,T] x (Ry)™ x Q — R™™2,

12 nhiing qu4 trinh ngdu nhién véit > 0;z € (Ry)" va thda diéu kién:
T
?:1 fo (|(X[(l, (0)‘ +Z;“:1 i%'(lv (O) +222:1 Y,‘Zk(t7zk7w)vk(dzk))dt < oo,

v6i Vi (dzx);k=1,2,...,np,1a nhiing d6 do Levy tuong ting véi cac dd do bl Poisson, (T ) (dt, dz ) := Ty (dt,dz;) —

Vi (de)dl.

Biéu thiic ctia qud trinh khuéch tén-nhéy X () trong dinh nghia néu trén tuong duong vdi dang vi phin caa
né la:

dX (1) = a(t,0)dt + B(t,0)dW, + [(g ym V(t,2, ©)T(dt,dz).

Trich dan bai bao nay: Cudng D K, Dam D T, Duong D T T, Dii N T. Gidi phuong trinh vi phan khuéch
tan-nhay ngau nhién tuyén tinh. Sci. Tech. Dev. J. - Nat. Sci.; 3(2):115-119.
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Pinh ly 1 (V& vi phan tich cta cac qua trinh khuéch tan-nhay)

Cho hai qud trinh khuéch tan-nhdy xdc dinh bdi;
dx (1) = a1, w)d1 + B (1,0)dW; + g v (1,2, 0)T(d1,dz),

trong do:
), w) = (o) B (1, @) = (B Ywsens:
Y0 (t,2,0) = (B el = 1,250 = 1, npsk =1, ,mp

va chiing thoa diéu kién trong dinh nghza ve€ qud trinh khuéch tan-nhdy. Khi do sé c6:
dxXW()x@ (1)) =xV(#7)ax @ (1) + X (17)dx D (1) +
e [(BO)T B ar+ 552, (T Jo 7 (020 002 ) Nl dz)
trong dé tr[(B)T B2 ] la vét ciia ma tran [(BY) (1, 0))T.BP (1, )], Ni(dt,dzy) , la s6 cac bude nhdy c6 kich
thu6c khong qué dzy, trong khodng thoi gian tir 0 dén dt.
Hé qua cta dinh ly:
Cho hai qua trinh khuéch tan-nhay mét chiéu, véi i=1,2:
dX;(r) = o(t)dt + Bi(t)dW (1) + [, ¥(r,2)N(dt, dz),
v6i N(dt,dz)la dp do bi Poisson ctia s6 budc nhdy c6 kich thudc khong qud dz trong khodng thoi gian tii 0 dén
dt, sé co:
d(X1(1)X2 (1)) = X (t7)dX (1) + Xa (17 )dX, (1) + Bu (1) B2 (1) dr
+ Jr, 11 (t,2) 12 (t,2)N(dt,dz).
Chting minh dinh ly trén ddc gia c6 thé xem trong tai liéu clia téc gia Duong Ton Dam, trang 55-57 4.

GIAI PHUONG TRINH VI PHAN KHUECH TAN-NHAY TUYEN TiNH

Pinh nghia 2 (Phuong trinh vi phan khuéch tan-nhay tuyén tinh)
Phuong trinh vi phan khuéch tdn-nhay tuyén tinh (moét chiéu) la phuong trinh c6 dang:

dX(t) = (o)X (17) +A()ldt + [B(1)X (1) + B(1)]dW (1)

+ Iz [7(l VX (7)) +G(t,2)|N(dt,dz), 1)

trong do:
o(t); B(t);A(1); B(2); ¥(t,2); G(t,2);Vt > 05z € Ry;
13 nhiing ham thda cac diéu kién tén tai va duy nhéit nghiém (Cac diéu kién nay dugc néu trong>*).
(F1(1,x))> + (Fa(t,%))? + [ (F5(t,x,2))?v(dz) < Ci(1+ |x]?);Vt > 0,Vx € R.
F1(t,%) = Fy (6,9) P+ [Fa(t,%) = Fa(6,5) 2 + [ [F3(,%,2) = F3(1,3,2)[*v(d2)
<G(x—yP):ve>0VxyeR
Trong do:
Fi(t, x) o(t)x+A(r);
B (t,x) = B(t)x+B(1);
F3(t,x,z) =y(t,x,2)x+ G(t,x,2).
Khi A(r) = B(t) = G(t,z) = 0,h.c; goi d6 1a qua trinh vi phan khuéch tdn-nhay tuyén tinh thudn nhét, hodc
con goi la phuong trinh vi phin ngdu nhién hinh hoc. Va sé tim cach gidi (1) tit trudng hgp dic biét nay.

Giai phuong trinh vi phén khuéch tdn-nhdy tuyén tinh thudn nhdt
Nhu céch phén loai trén phuong trinh vi phan khuéch tdn-nhay tuyén tinh thuin nhit c6 dang:

dXy(t) =Xy (17)[eu(t)de + B(1)dW (1) + [g, V(t,2)N(dt,dz)] @

Giai phuong trinh nay dua vao cong thic Ito
St dung ham X, (1) = F(¢,H(t));t > 0 v6i F(t,x) = ¢ va H(t) xdc dinh boi:
H(t) = fo [als) = 3B7(5) + Jg, log(1+¥(s5,2)) — ¥(s.2)v(dz) | ds
+Jo B(s)aW (s)+ fo [, log(1+7(s,2))N(ds, dz).
Ap dung cong thic Ito cho X (1) = F (¢, H(t)), sé thu dugc:
33(0) = ) [(@0) ~ 3B°() + g1+ 0.0~ (.2](d2)
D [5B> (1)t + B(1)dW ()] + [, " [r((1,2) - 108(1 +7(t,2)))v(dz)dr
Ty 0 p(e, N (it dz) = X ) e )t + (YW (1) + f, 706, )N (et )]

116



Tap chi Phdt trién Khoa hoc va Céng nghé - Khoa hoc Tu' nhién, 3(2):115- 119

Viy:
1
X1(0) = exp Jf | (5)~ 326) + [ toa(1+7(5.9) = vt st "
0

+ Jo B(s)dW (s) + fy Jx, log(1+7(s,2))N(ds,dz)
la nghiém ctia phuong trinh (2).
Phuong phdp tdch nghiém dé giai phu'ong trinh vi phdn khuéch tdn-nhay tuyén tinh
Noi dung ctia phuong phép tach nghiém la tim nghiém phuong trinh tuyén tinh (1) dudi dang tich:

X(t)=X(7)Xa(t7) (4)

trong do:

¢ Xi (1) 1a nghiém ctia phuong trinh tuyén tinh thuén nhét tuong ting, nghia 13 n6 1a nghiém cta phuong
trinh (2).

 X5(t) 12 nghiém ctia phuong trinh:

dX,(t) = A*(t)dt + B*(t)dW (t) + [g, G*(t,2)N(dt,dz)

trong d6 A*(1); B*(t); G*(¢,z) 1a nhiing ham sé x4c dinh sau.

Két qua phan trudc cho thdy rang X (1) ctia phuong trinh (2) cho bdi hé thiic (3)
Ap dung DPinh ly 1 cho tich = X| (+7).X2 (¢ ) néu trén, sé thu dugc:

dX(1)=d(Xi(t7)-Xa2(t7))

=X,(t7).dXo(t) + . Xo(t7)dX 1 (t) + B ()X, (¢t~ )B*(¢)dt+
+ fg, Y(£,2)X) (t7)G* (t,2)N(dt, dz)

= 0(0)X, (17)Xo (17 )t + B(1)X (1) Xo (17 )dW (1)

+ Jr, Y(t:2)X1 (™)Xo (¢ 7 )N (dt,dz)

+X1 (17)A*(0)dr + X, (17)B*(t)dW (¢)

+X1(t7) [x G*(t,2)N(dt,dz) + B ()X, (17 )B*(1)dt
+¥(¢,2)X1(t7)G*(t,z)N(dt,dz).

Mit khéc, X(t) la nghiém ctia phuong trinh tuyén tinh (1), tit d6 so sanh gitta (5) va (1) thu dugc hé phuong
trinh:

A(r) =X (17)[A (1) + B(1)B" (1) + Jg, (1,2)G (1, 2)v(dz)]

B(t) =X,(t7)B*(1)

Jr, G, 2)N(dt,dz) = X1 (17) [, (1+7(1,2)G* (1,2)N (dr,dz).

T d6 suy ra:
A% = 1/(X0 (7)) [A(0) = BOB () — [y, WA v(dz)]
B (1) = £k
G*(1.2) = sy oy

it X (1) cho bdi (3), va cac biéu thiic cia A*(¢); B*(1); G* (¢, z) da xac dinh dugc vao (4), sé c6 nghiém phuong
trinh da cho.

QUA TRINH ITO-HERMITE

Pinh nghia 3 (Pa thic Hermite va qua trinh Ito-Hermite)
1. Da thilc Hermite cdp n (Hermite polynomial of degree n), dugc ky hiéu laH,(x,t);va xdc dinh béi:

n xz n
Hy(x,1) := (_n]!) e % {exp (—%) } ;Vn=0,1,2...
2. Néu trong da thiic Hermite cdp n, Hy(x,t)ta thay bién x béi tich phian Wiener Itf = [§ £(s)dWs,(trong d6 Wila
qud trinh Wiener, véi f(x)la ham binh phiiong khd tich trén [0,1),c6 chudn ||f|? := I5 £2(s)ds < oo ) va bién t
béi chudn HfH,z, sé dugc qud trinh ngdu nhién Ito- Hermite cdp n, va ky hi¢u la H, (I,f, Hf||,2)
Pic tinh clia qua trinh Ito - Hermite:
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Cho H,, (Itf7 l£11?) la qud trinh ngdu nhién Tto-Hermite cdp n, sé co:
2 2
dH (I | £I7) = Hoor (L £I) S ()W,

Dic tinh nay da dugc chling minh trong bai bdo>,° cia tac gia Duong Ton Dam va cong sy, va né sé dugc si
dung trong phan chiing minh Dinh Iy 2.

 Qua trinh ngiu nhién khuéch tdn lién tuc thuan nhat

Néu qua trinh ngdu nhién khuéch tan-nhay X(¢) theo Pinh nghia 1 cé:

Y(t,z,0) = 0;a(t,®) = a(t); B (t, @) = B(t);Vt > 0;

khi d6 néi rang X(t) 1a qud trinh khuéch tén lién tuc thuan nhit theo khong gian (spatially homogeneous
diffusion process), goi tat la khuéch tan lién tuc thudn nhat. Trong trudng hgp nay (¢) ham chuyén dich (drift
function) va o(t) 1a ham khuéch tan 1a nhiing ham t4t dinh cta thoi gian t.

Pinhly 2

Cho X; 1a qua trinh khuéch tén thudn nhét c6 ham chuyén dich bing khéng va ham khuéch tan bang f(¢) , v6i
H, (I,f, I£11?) 12 mét qué trinh Ito-Hermite cip n; (n € N). Khi d6 Vk = 1,2,... s& c6 tich phan Wiener-Tto boi
(multiple Wiener-Ito integral):

S Lo <uyss H iy | £l )Xoy X, X, = Hoa 0 1 F17)-

Ching minh
Theo gia thiét cta dinh ly X; 1a qua trinh khuéch tan thudn nhét, c6 ham chuyén dich bdng khong va ham
khuéch tén bing f(¢), do d6 vi phan ngiu nhién ctia n6 sé la:
dX, = f(1)dW, = X, = [0 f(s)dW; & X, = I
Khi xét tich phan Wiener-Ito boi, ap dung ddc tinh néu trén ctia qua trinh Ito - Hermite sé cé:
IS 'I[OSL[]S---SM,ISI Hk(llfl ) ||f”5l)qu1quz - dXy, =
= JoJon - S He (| £17,) Xy e X,
= JoJor - S Hior (s |1 ey Xy, =

2 2
= [ Hyaa (8112 )X, = Hoot) (11112
Nhén xét.

Khi f(r) =1, sé ¢6: X; =W, tit dinh 1y 2 thu dugc két qué 1y thu ctia Ito (1951):
I Jo<n <<t <t Ho(We,1)dWs, dW,, ... .dW;, = Hy (Wi 1).
trong d6 H,(W;,t), la qué trinh Ito-Hermite cAp n ma da xét dén trong Pinh nghia 3.

XUNG DOT LOI iCH
Chung t6i khong c6 bat ky xung dot 1oi ich.

PONG GOP CUA TAC GIA

Chung t6i xdc nhan cdc tac gia c6 tén trong bai bdo déu ¢ nhiing dong gép cho nghién ctiu.

CAM ON

Nghién ctiu nay dugc tai trg boi Pai hoc Qudc gia Thanh phé H6 Chi Minh (VNU HCM) dé tai ma s6 2017-
26-03.
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ABSTRACT

The jump-diffusion stochastic process is one of the most common forms in reality (such as wave
propagation, noise propagation, turbulent flow, etc.), and researchers often refer to them in models
of random processes such as Wiener process, Levy process, [to-Hermite process, in research of G. D.
Nunno, B. Oksendal, F. B. Hanson, etc. In our research, we have reviewed and solved three problems:
(1) Jump-diffusion process (also known as the Ito-Levy process); (2) Solve the differential equation
jump-diffusion random linear, in the case of one-dimensional; (3) Calculate the Wiener-Ito integral
to the random Ito-Hermite process. The main method for dealing with the problems in our presen-
tation is the Ito random-integrable mathematical operations for the continuous random process
associated with the arbitrary differential jump by the Poisson random measure. This study aims to
analyse the basic properties of jump-diffusion process that are solutions to the jump-diffusion linear
stochastic differential equations: dX(t) = [a(£)X (1) +A(t)]dt + [B(t) X (1) +B(1)]dW (¢) +
fRO ['}/([,Z)X (ti) + G(I,Z)]N (dt,dZ)

with a set of stochastic continuous functions {a, B,v,A, B, G}

and assuming that the compensated Poisson process N (¢, z) is independent of the Wiener process
W(t). Derived from the Ito-Hermite formulas for the Ito-Hermite process and for the Ito-Levy process
class we presented the results for the differential and multiple stochastic integration for the Ito-
Hermite process. We also provided a separation method to solve jump-diffusion linear differential
equations.

Key words: Poisson process, Wiener process, Ito-Hermite process, multiple Wiener-Ito integral

Cite this article : Cuong D K, Dam D T, Duong D T T, Du N T. Solutions to the jump-diffusion linear
stochastic differential equations. Sci. Tech. Dev. J. - Nat. Sci.; 3(2):115-119.
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