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Phuong phap pho dé giai s6 phuong trinh
Boltzmann cho cac chét khi ¢6 do nhét

binh Phan Cao Nguyén

Tém tit—Chiing toi dé xudt trong bai bao nay mot phwong phap giai tich sé cho phwong trinh Boltzmann cho
cac chit khi c6 ma sat giira cic phan tir. DAy 1a phuwong phap s6 diu tién cho phwong trinh Boltzmann c6 dd
nhét. Chiing tdi biéu dién gia tri hAm mat dd ciia chit khi va so sinh cic két qua trong cac truong hop c6 ma
sat giita cdc phan tir va truomg hop khong cé ma sat. Gia tri ham mat df ciia cac chét khi c6 ma sat giira cac
phén tir khi va cham sé& giam dan vé 0. Gia tri ciia ma sat cang 16n thi tc dd giam gia tri cia ham mét d cha
chét khi vé 0 cang nhanh.
Tir khéa—phwong trinh Boltzmann, giii tich s6, phwong phap phd, ma sat phan tir, hAm mat dé
1 GIOI THIEU
Phuorng trinh Boltzmann mé ta chuyén dong ciia cac phén tir cia mot chét khi trong d6 su twong tac cua
cac phan tir 1a va cham dan hdi nhi phén (xem [1-16]).

Chox,veR?(d > 2)

of

5 TU-Vef = Q. )

Véi f(t, x,v) 1a ham mat do cua chat khi phu thudc vao thoi gian va van téc. Trong Boltzmann, toén tir
va cham Q la mét toan tir bac 2 caa £ (¢, x). Thoi gian t va vi tri x dugc xem 1a cac tham s6 cua Q va vi vay
s& bi b qua trong biéu dién dudi ddy

QU @) = fraysar BUV = vl cosO)(f/f' — f.f)dvdo, (L.1)
Vi f = f), f. = f@), f'=fW), f! = Fl).

Vin tdc cua va cham la cac cap (v, v,) va (v', v!) ¢6 lién quan béi

v+, [v=vy| v+, lv=vy|
v’ =—*+—*O',U; =——_ 5.
2 2 2 2

Trong d6 o thudc S¢=1.

Hat nhan B cua va cham 1a mot ham sé khong am bai cac ddi sb vat ly bat bién va chi phu thugc vao

|v— v, vacosO = §.o (véi § = Iz:z*l)'

Viéc xdy dung cac phwong phap tinh cho phuong trinh Boltzmann c6 tAm quan trong trong nhiéu tmg
dung, tir dong luc hoc khi hiém (RGD) [27], vat 1y plasma [28], dong chay dang hat [17, 18], chat ban dan
[32], va ly thuyét dong lwong tir [29].

Kho khin trong viéc xay dung mot phuong phap giai sé cho phuong trinh Boltzmann 1a do c4u trac da
chiéu ciia toan tir Q, trong tich phan dugc tinh trén mién 5 chiéu. Vi vy, phuong phap thong thuong 1a k§
thudt xac suat Monte Carlo cua Bird [19] va Nanbu [33], day 1a mot phuong phép 14y mau ngau nhién c6
d6 chinh x4c bac 1 va thudc 16p thudt toan khong tat dinh. Tuy nhién, cac phuong phap nay c6 do chinh
xéc rat thip.
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Gan day, mot 16p phuong phap méi dua trén viée sir dung cac k¥ thuat quang phd trong khong gian van
téc di dugc xdy dyng. Phuong phap ndy c6 do chinh xac phd [30, 35] va thudce 16p thuat toan tit dinh.
Phuong phéap nay lan dau tién dugc phat trién cho cac phuong trinh dong hoc trong [34], dva trén cac
phuong phép quang phd trong co hoc chat 1ong [24] va viéc sir dung cac cong cu bién doi Fourier trong
phan tich phuong trinh Boltzmann [21]. N6 dya trén phwong phap xap xi Fourier — Galerkin ciia phuong
trinh. Cac khai quat vé phuong phap va do chinh xac quang pho da dugc dua ra trong [26, 35, 36].

Trong bai bao nay, chiing ta s& sir dung phurong phéap pho dé giai sb phuong trinh Boltzmann trong cac
chat khi c6 @6 nhét/ma sat. Phuong trinh nay ¢6 dang

—+V Vof =Q(f. f) +¢f,

trong d6 & 1 hé sb nhét.

Bai bao nay 1a két qua giai tich sb dau tién cho phuong trinh Boltzmann trong céc chat khi c6 d6 nhét/ma
Sat.

2 PHUONG PHAP

Biéu dién Carleman ciia ton tir va cham Q

Trong phan nay, ching ta s& udc chimg toan tir va cham bat dau tir mot biéu dién ma bang cach nao d6
bao toan nhiéu doi xing cua toan tir va cham khi né cat bo né trong mot mién bi chan. Bi€u dién nay duoc
st dung trong [20, 22, 23, 31], va nd gan véi dai di¢n Carleman c6 dién (xem [25]).
Toan tir va cham Boltzmann trong cdc mién bi chin

V6i moi ham lién tuc F(x), cong thirc co ban ching ta can 1a
1 1
5fgd—1 F(luloc —u)do = Wflmd §(2xu + |x|?) F(x)dx, (2.1)

va c6 thé duoc xac minh bang cach hoan thanh hinh vudng trong ham delta Dirac, lay toa do hinh cau
x = ro va thyc hién thay d6i bién r? = s.

Xét ving bi chin Dy = [T, T]%(0 < T < +). Quy udc cach viét

E(x’y) — 2d—lB(|x +y|’_ X.(X+y))|x +y|_(d_2)_

x| x+y]
Ta c6 thé dé dang thy ring trén siéu phing biéu dién boi x - y = 0, mot cong thirc don gian hon (sir
dung cac phan tir ciia hat nhan va cham) 1a (xem [35])

x|

Bx,y) = BxLIyD = 2B+ D, =i (el + 1) 7

(2.2)

V6i 8(x.y) 13 ham Dirac (tng véi x.y = 0, ta biéu dién toan tir lai nhu sau, cho v € Dy
Q7 (f,Hw) = ff{x'yE]Rd|v+x'v+y‘v+x+yEDT}E(x, VS Nfw+yfw+x)—fv+x+
V)f(w)]dx dy.

Ta c6 thé dé dang kiém tra xem biéu mau yéu sau c6 thoa man véi toan tir nay hay khong va diéu nay
dan t6i cac dinh luat bao toan khoi lugng, dong lugng va nang lugng ciing nhu dinh 1y entropy Boltzmann
H

1 ~
FQU U oW dr =3[ [ [ verveny BENSEI @ +x + DF )@ +y) +
pw+x)—pew+x+y) —e)]dvdxdy. (2.3)

D4i voi mot ham f vai gia trong By, chling toi ldy T= 2R dé co duoc tit ca cac va cham c6 thé xay ra.
Trong thuc té ta c6 thé lay T > (1 + 3v/2)R/2 nham ngan chin sy giao nhau giira cAc mién ma ham f khéc
0 (xem [35]).
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Toan tir tré thanh

U N =0y fep. B@NSCN@+NF+2) — f+x+Y)f@)]dxdy, (24)

V6i v € Dy (biéu thirc cho v € R? dwoc tinh theo chu ky).

Bang phép di bién v(bai x,y va x + y), st dung céc thay doi x < —x va y < —y, va thuc té

B(—x,y)6(=x.y) = B(x,y)8(x.y) = B(x, —y)5(x. —).

Ta c6 thé dé dang ching minh rang di vai bat ky ham tuan hoan ¢ trén Dy theo biéu dién nghiém yéu
chép nhan dwoc (bai béo [30] trinh bay chi tiét cac budc dé dat duoc cong thirc ¢d dién nay)

1 ~

fo O CF @) =3[ [ [ B FW +x +0F oW +) + o +
x)—pw+x+y) —pldvdxdy. (2.5)
Thudt gidi bang phiong phép pho

Trong phan nay chiing t6i sir dung QR x4y thuat giai bang phuong phap phd. Cac phuwong phéap phd cho

céc phuong trinh dong hoc bit ngudn tir [34] va [35], va duoc phat trién hon nira trong [36] va [30]. Trudc
khi ho c6 mét lich sir 1au dai trong co hoc chat long; xem [24].

Pon gian héa ky hiéu, liy T = 7. Gia tri xdp xi ctia ham fy dugc biéu dién boi dudi dang biéu dién
Fourier
N

@) = ) fre,

k=—-N
1 .
Lfk = le)nf(v)e‘”‘”dv.

Phuong trinh phd 1a phép chiéu ciia phuong trinh va cham trong PN, véi PV 1a khong gian vecto
(2N + 1) chiéu cua cac da thie lugng gidc c6 bac tdi da N theo timg hudng, tic 1a

of

a_:l = Py QR (fw, fn),

v6i Py biéu thi phép chiéu truc giao trén PN trong L?(D,;). Mot tinh toan don gian din dén tap hop céc
phuong trinh vi phan thong thuong sau day:

Hé s6 Fourier

fi@® = Xlm=-nBUL M) fitfpm ke = =N, .., N. (2.6)
l+m=k

L (1, m) duoc goi 1a kernel modes, xac dinh boi

Blm) = Jeesy Jyes, B YIS (x.y)[et*e™ — eMmC*)] dx dy.

Do d6, sau nay trong bai béo nay ta sé& tap trung vao 8, va dé dang kiém tra rang 8 (I, m) chi phu thuoc
vao|l|,|m|,va|l - m|. Trong d6 I, m la cac hé s trong cong thirc

fn@) = Z?:—Nfzeux = ivn:—Nfleimy-

Luu y rang cach théng thuong dé cit ngan toan tir va cham Boltzmann cho ham tuan hoan bét dau tir
biéu didn (xem [34]) véiu = |v — v,]

QU f) = J,epa fresa-1 B(ul,cos O)[f (v — (u — [u|0)/2)f (v — (u + |u|0)/2) = f(W)f (v -
u)]do du. (2.9)

Sau d6 rat gon bién u = x + y sao cho u € Bg. Ching ta co

Qllfsual . Nw) = fxe]Rd fxe]Rd B(x, Y)5(x-}’)x{|x+y|5m[f(v +Nf+x)—fw+x+ }’))f(v)]dx dy,
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VOl Hfpsyicry 1@ ham ddc trung cia tap {lx +y| <R} hay {0 +y)%+ (2 +y2)* + -+

(xq +ya)* < R?*}.

Cubi ciing, chung ta c¢6 (xem [35])

ul+m)+|ulo(m-1)

Pusua(tm) = [, [, cga-1 B(lul,cosO)[e™ 2 —e"'M]do du.

Biéu dién theo x va y

Busiat&m) = [y fen BOOYISYIBCE YIS e[ e™ — M+ dy.

Vi vay, c4c biéu dién thong thuong chira nhiéu khop ndi gitra x va y va no it thich hop hon cho viée
xdy dung cac thuat toan nhanh.
Thuit toan quang phd nhanh

O day chiing ta s& xap xi mdi £ (I, m) boi tong clia

B m) =¥ ap(Day(m).

Chung ta viét x va y trong toa do hinh cau

1 7 ’ R R — 1] 2D 1] 11

Q. )W) =1 [, cimn fyregamn Se.eNde de’ (7[5 p 2 (@) 2B(p,p)f (v + p'e)f (v +
pe) — f(v +pe +p'e)f(v)ldpdp'}. 3.1

Lay A la tap hop cac cap truc giao cia cic vectors don vi (e,e’), (e,e’) €A nén
(—e,e’),(e,—e"), (—e, —e") ciing thudc A (thudc tinh cuia tap A yéu cau bao toan cac luat bao toan cua toan
twr). Bay gio chung toi dinh nghia

1 R (R - Nd-275 ' [N

QMU NI®) =2 J g eneal g g 2@ 2B, p)If (v + p'eNf (v + pe) — f(v + pe +
p'e")f (v)ldp dp'} dA,

voi dA 1a ky hiéu do do trén A va di nhién

dA(e,e') = dA(—e,e’) = dA(e,—e") = dA(—e, —¢).

Thay gia tri cac bién trong v bang pe,p’e’, pe + p'e’ va cac dbi xuang cua tap A, ngudi ta co thé d&
dang lay dugc cac dang yéu dudi day trén QR4. Vi cac ham chu ky ¢ trén Dy,

1 R (R - "nNd-25 ’ 1

Jp, Q¥4 D@y = = [ S0 onea g IpP 2@ 2B (0.p")f (v + pe +p'eN[ow +
pe)+olw+pe)—pw+pe+pe)—e)ldpdp'dAdv.

Diéu nay ngay lap tirc mang lai cac tinh chat bao ton giéng QF.
Tinh toan cac B(x,y)

Gia str B(x, y) 1a tich ctia hai ham xac dinh a va b

B(x,y) = a(|xb(|yD).

Gia dinh nay chéc chin chdp nhan dwoc néu B 1a hing s6. Day 1a mot trudng hop phén tir Maxwellian
trong khong gian 2 chiéu va qua cau khong gian 3 chiéu (hat nhan thich hop nhét cho cac tmg dung).

Dau tién chiing ta hdy xtr 1y trén khong gian 2 chidu véi B = 1 dé giai thich phwong phép. Véi x va y la
c4c toa do cua hinh cau, e va e’ 1a cac vecto don vi twong tng théa man x = pe vay = p’e’ sao cho

BUM) =7 [oess fyres 0e- e[ et dp] [ e mDdp'lde e’

Chng t6i biéu dién

R

#e) = | evap,

-R
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VGi seR.

Do 36 chiing t6i c6

B(l,m) = J:r P2(l.eg)P3 (m. ee+%> de.
Ham 6 - ¢4 (L eg)$3 (m. ee%) 3 ham tudn hoan trén [0, 7] va M 1a mot sé bit ky, ta x4p xi
BUm) = 23355 ap (Dag, (m),

voi a, (1) = pr(leg), ap(m) = P (m. ea+§),vé 6, = mp/M.

N6i chung theo gia dinh tach (3.2) trén B, chiing t6i thu dwoc cong thirc tach bién
M-1

B(l,m) = %ZO a, (1)t (m)
£
voi
ap(D) = AL eg), ay(m) = 9 (m. e, )

va

R R
V30 = [ a@e™dp, ¢4, = [ bene®dp’ v6i6, =mp/M
R R
3KET QUA VA THAO LUAN
Kiém tra sb
Véi t = gAt, At > 0tacd
fK (th) = lev+m=k, E(l; m) fl(th)fm (th)'

ILm=—-N

Tinh xap xi

A Fr((@+1DAt)-Fg(qAt)
fi(qar) = [leDIO-icele)

Do do
f((q + DAE) = fi(qAt) + At TYymer, L m) fi(qAL) frn(qAt).

Im=—N
(4.1)
Ddi v6i cac chit khi c6 dd nhdt/ma sat ta co
fi((q + DAL) = fie(@AD) + At Xemer, BUL M) fi(qAD fn(qAt) — efic(qAt). (4.2)
L m=-N
Trong khong gian hai chiéu d = 2, ching t6i si dung N = 5,M = 1,t € [0,0.5],v € [-m,7],a =
b=1R= mVva

v2 2, 2
=2 _p(-v°/o%)

fO0,v) =—e (%)

VGi o = g, D, € [—m, m]?, thay (*) vao (4.2)

- Tai thoi diém g = 0

£ (0,v) = L ) 2 o (v2/0?) g=ikv gy — if vze(%szvz)e‘““’dv
kA 2n)? 'Dr wa? 75 YDr !
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- Tai thoi diém g = 1tacé
. A A N . N 9 (sz) )
(At v) = £i(0,v) — eAtf(0,v) + At Xivm=i, SULm) f1(0)fn(0) = — [, v?e\ = Je~*dvy —

ILm=—-N

9 (—35172) ) N . a1 (—36172) ) (=38 2) )
sAthD vie' n2 e‘”‘"dv+At21+m=k,ﬁ(l,m)ﬁfD vie' nZ JemW p2ethZ JoTimvgy,
’ s

L, m=-N

Trong d6

0 0
B(l,m) = nz 2nSinc(n(l. eg))2mSinc(w (m. 99%)) +7 Z 2nSinc(n(m. ey))2nSinc(m (m. e9+g))

p=0 p=0

Cic két qua kiém tra sé
Chuing t6i tién hanh thir nghiém vai cac gia tri lan luot cua & 14 0; 0,1; 0,2 va thu dugc cac két qua
N=5,espilon=0,t=0.12 N=5,espilon=0,t=0.24

N=5,espilon=0,t=0.00

Hinh 1. Ham mat do f (v, t) tai thoi gian t=0; 0,12, 0,24; 0,37; 0,5vae=0

Trong hinh 1 vé6i € = 0 dung dich dat gid tri bao hoa tai thoi gian t = 0,24 va c6 gia tri 0,10.
N=5,espilon=0.1,t=0.12 N=5,espilon=0.1,t=0.24

N=5,espilon=0.1,t=0.00

014 014
012 012
010 010
0.08 008
0.06 0.06
004 0.04
0.02 0.02

0.00

000

-2

-1 § =y

=
2 3 -3

N=5,espilon=0.1,t=0.50

014 0.14
012 012
010 010
0.08 0.08
0.06 0.06
0.04 0.04
0.02 0.02

0.00

-3 5

1o _
12, 5

Hinh 2. Ham mat do f (v, t) tai thoi gian t = 0; 0,12; 0,24; 0,37; 0,5vae = 0,1
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Hinh 2 so sanh ham mat do chét khi trong hai truong hop & = 0 va & = 0,1, ham mat do khi véi e = 0 ¢6 gia tri
thAp hon 03 tait = 0,24;0,4tait = 0,37 va0,6tait = 0,50

N=5,espilon=0.2,t=0.24

N=5,espilon=0.2,t=0.12

N=5,espilon=0.2,t=0.00

014 014
012 012
0.10 010
0.08 0.08

0.06

0.06
0.04
0.02
0.00

-3,

-1 g . 5

-2
-1 X 3

Hinh 3. Ham mat do f (v, t) tai thoi gian t = 0; 0,12; 0,24; 0,37; 0,5 va e = 0,2

So véi truong hop & = 0 thi véi & = 0,2 ham mét d6 khi c6 gié tri thip hon 0,4 tai t = 0,24; 0,7 tai
t = 0,37va0,9tait = 0,50 (Hinh 3).

Véiv = (vy,v,) € [-40,40], chov, = 0tacé v = (v;,0) € [—40,40], hinh 4 biéu dién mit cit I6p
cua ham mat d6 khi f tai ba méc thoi gian t = 0; 0,24; 0,5 ung vaéi cac gia tri cua f khie = 0; 0,1; 0,2.

t=0.24 0.1500 1020
0.1500 —— espilon=0
—— espilon=0
== espilon=01
—= espilon=0.1 —. espilon=0.2
=—- espilon=0.2
01195 | 0.1125 4
0.0750 1 007501
0.0375 1 0.0375
0.0000 - 0.0000
40 4] 5 10 15 20 25 30 35 40

T T T T T T u
5 10 15 20 25 30 35

Hinh 4. So sanh ham mét d6 f (v, t) tai thoi gian t = 0,24; va 0,5 v6i € = 0; 0,1; 0,2

Vi két qua caa thi nghiém chang toi thay rang do nhot 1am ham mat do khi nho hon, day 1a diéu ching
t6i mong doi. Ham mat d6 khi s& giam khi gia tri d6 nhét € 16n.
Loi cam on: Téc gia xin giri [0 cdm on chan thanh dén thay Tran Minh Binh da dé xudt va hwéng dan

thuc hién nghién ciru bai bao nay.
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Abstract—We propose in this paper a spectral method for the Boltzmann equation for gases with
viscosity/friction. We describe the density of particles and compare the results in the case of gases with friction
and rarefied gas. This is the first numerical result for the equation. We show numerically that under the presence
of the viscosity, the solution dissipates to 0. The larger the viscosity is, the faster the solution converges to 0.
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