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Role of the shape deformation in *°C + 2C
fusion at sub-Coulomb energies

Le Hoang Chien, Bui Viet Anh, Thach Nguyen Ha Vy

Abstract—The fusion cross section of 2C+12C
system at the energies of astrophysical interest is
calculated in the framework of barrier penetration
model taking into account the deformed shape of
interacting nuclei. In particular, the quadrupole
surface deformation of both projectile and target
nuclei has been included during the fusion process.
The real and imaginary parts of nucleus-nucleus
interactions performed using the Woods-Saxon
square and Woods-Saxon functions, respectively
have been carefully tested by C-?C elastic
scattering data analysis before employed to evaluate
the astrophysical S factors (the fusion cross
sections). The optical model results of elastic angular
distributions are consistent with the experimental
data. Within the barrier penetration model, the real
part of the obtained optical potential gives a good
description of the non-resonant astrophysical S
factor. It turns out that the taking into account of
quadrupole deformation of 2C nuclei increases the
astrophysical S factor at energies below Coulomb
barrier.
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1 INTRODUCTION

Study of 2C+%2C fusion at low energies is
important to understand the carbon burning
stage in the massive stars (at least eight times of
solar mass). In fact, after the helium burning
phase, carbon nuclei are produced by the triple
alpha processes. Due to gravitational collapse, the
stars themselves increase their temperature to 108
K at which two *2C nuclei gain enough energy to
fuse into each other and generate heavy elements
such as °Ne, 2*Na, Mg. However, such typical
condition in the stars corresponding to the thermal
energy less than 1.5 MeV is not achieved in the
experiments at the present time because the fusion
cross section is estimated to be very small, in the
order of 10"%° mb. Moreover, in the energy region
around and well below the Coulomb barrier, the
prominent of resonant structures in 2C+?C fusion
excitation functions makes it extremely difficult
to extrapolate the fusion cross section at energies
of astrophysical interest from the available data at
the higher energies [1]. Therefore, during the last
four decades, 2C+'2C fusion at low energies still
attracts a lot of experimental and theoretical
efforts [2-12].

In general, 2C+'2C fusion cross sections at low
energies are calculated using the barrier
penetration model (BPM) [9, 10] that the reality
strongly depends on the choice of nuclear
potential. Indeed, a large number of potential
models have been proposed to study 2C+12C
fusion based on both the microscopic and
phenomenological approaches [9, 10, 12]. One
could note that it is significant to determine how
the potential model is good in the description of
12C-12C nuclear interaction before employed to
calculate the fusion cross section. However, the
important step is rarely considered in previous
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studies [9, 10]. It is well known that the shape
deformation of nuclei is important to the fusion at
very low energies because the nucleus-nucleus
interaction is sensitive to the orientation of
incoming nuclei. As a result, the barrier heights
performed from the nuclear and Coulomb
potentials are expected to vary at various
orientations of interacting nuclei. The various
barrier height results in the changing of
transmission coefficient that affects the fusion
cross section. According to the experimental
measurements, the ground state shape of *2C
nuclei is well deformed [13]. Therefore, it is
important to take into account the deformed shape
of incoming nuclei in study of >)C+%C fusion at
low energies that previous studies have assumed
the ground state shape of C nuclei to be
spherical [9,12].

In this study, we focus on two important
problems relevant to the 2C+?C fusion at
energies below the Coulomb barrier. Firstly, 2C—
12C nuclear potential at low energies performed
using the Woods-Saxon square form has been
carefully tested by the elastic scattering data
analysis over a wide range of energies before
applied into the BPM calculation. Secondly, the
astrophysical S factors of 2C+%2C system are
calculated in the framework of BPM taking into
account the quadrupole surface deformation of 12C
incoming nuclei.

In the next section, the outline of theoretical
framework is described. Some calculated results
of the nuclear potentials, elastic angular
distributions and astrophysical S factors (fusion
cross sections) of 2C+2C system are given in the
section of results and discussions. We summarize
and conclude in the last section.

2 METHODS

Optical Model

A large number of calculations successfully
interprete the elastic scattering of nucleons and
nuclei by nuclei have involved in term of the
optical model (OM) analysis [14]. In the physical
point of view, the OM describes the nuclei as
cloudy balls which are heated by a beam of
incoming particles, they partially absorb, scatter,

and transmit the beam in a way analogous to the
behavior of light. To describe this assumption, the
potential entered into the Schrodinger equation
having a complex form (named optical potential)
with the real and imaginary parts account for the
elastic and non-elastic scattering processes,
respectively. For detail derivation of OM
formalism, one can see in [14]. In general, the
differential cross section for the elastic scattering
of an identical system is given in the form
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E:i 3 (20+Dexp(2ic,)(1-S,)P,(cos(6))|
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His the reduced mass of 12C+12C system (MeV).
E is the center of mass energy (MeV) and
presents for the angular momentum between two
colliding nuclei. U(r) is the optical potential
(MeV) given in the form

u(r) =V, (N +iw,(r). 4)

The first and second terms of (4) correspond to
the real and imaginary components of nuclear
potential. The Coulomb potential V¢ and

Coulomb phase shift O are taken the explicit

formulas in [14].
Barrier Penetration Model

In the framework of BPM [9,10], the fusion
cross section induced by the collision of two
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deformed nuclei could be averaged over all deformation parameters of colliding nuclei,
possible orientations of incoming nuclei as  respectively. fi,, f,, f3 are functions originated

follows from multipole expansion of the Coulomb
potential with respect to the orientation angles.
O = kz Z (2€+1)— The nuclear angle-dependent interaction can be

{=even

assumed as [15]

0
§  WOTEO- RN RV T
Then, we use the useful treatment from the The superscript 0 in (9) presents for the
WKB approximation to evaluate the transmission spherical case of nuclear potential.
coefficient given by

x sz (E.0,,0,)sin 6,d0, [sin 0,do,.
0 0

5, (E.,0,,0,) B 3 RESULTS AND DISCUSSIONS
T.(E,0,,0,) =|1+exp t(r,E, (,0,,0,)dr || |
v r1<E,«J,;1,ez> v 12C+12C Nuclear Potential

First, we search for the 2C-*2C realistic nuclear
potential at low energies using the framework of
OM calculations with the complex potential as
described in (1)-(4). Seven elastic scattering
angular distributions in laboratory energies

Here ry, 1 are the classical turning points where  patween 1 and 6 MeV/nucleon, slightly above the
V(r,E (,6,,6,) =V(r,,E (,6,,6,) =E Coulomb barrier [16], have been used in the
searching the nuclear potential. The complex
nuclear potential, as seen in (4), is assumed to
have the phenomenological forms. The literature
interactions that depends on the angles review of previous studies shows that the shallow
% 02 are the orientation angles of the projectile  Potential has been often used to analysis the

and target nuclei, respectively. The Coulomb Scattering data of C+PC system at energies
interaction of two deformed nuclei is Pelow 6 MeV/nucleon [17]. However, the family

t(r,E (,0,,0,) = \/8—';‘|V(r, E.£,6,,0,)—E|.
h (6)

The effective potential ¥ composing of the
Coulomb, real part of nuclear and centrifugal
6,.6,)

approximately calculated as follows [10] of deep potential has been considered as an
, appropriate choice to describe the experimental

V. (1.6,.0,) = Z,Z,6* |T,B1, + 1B + 1B data in the higher energies [18, 19]. Based on the
v r |+ %, + BB, +1] light of study in [18], the 12C-2C potential at low

) energies could prefer to the deep type that is
strong enough to keep two ?C nuclei in the

where,
cluster state of the compound Mg nucleus.

2
flz(r,ei,RiO):%Yzo(ei) Therefore, in this work, the real part of the
(2¢+D)r complex nuclear potential at low energies is
fz(r,ei,Rio)—G\/_R"’Y ) withi=12. assumed t? have a Woods-Saxon (W_S) square
NI shape that is the deep type and very similar to the

fs(rvevepRloaRzo) =

4

RZR2 3 shape of the microscopic folding potential [20].
10 20|:
r

" 0n The standard WS form is taken to describe the
imaginary part. There are six adjustable

51 SLy (0)Y,(0,)+—— 3 (Y, (0,) + Yy (6, ))} parameters of Vo, R, a, Wo, Ry, a, as seen in (10),
2 10v5n accounting for the central depth, reduced radius,
and diffuseness of the real and imaginary nuclear

(8) potentials, respectively. These parameters are

Rio, Rao correspond to the spherical radius of ~ chosen to give the best description of elastic
projectile and target nuclei. P12, P22 are quadrupole — angular distribution data. In particular, each



TAP CHI PHAT TRIEN KHOA HQC & CONG NGHE:

CHUYEN SAN KHOA HQC TU NHIEN, TAP 2, SO 4, 2018

elastic  angular  distribution is  analyzed
independently by varying these parameters to fit
the experimental data. It means that at the minima
six parameters correspond to the optimum
potential with the shape and strength similar to the
actual *2C-*2C nuclear interactions.

Vo (E) IW, (E)

[l+exp(ﬂ)}2 1+ exp(i)
a 1 (10)
The comparison of elastic angular distributions
obtained from the OM calculations with the
experimental data in the energy range between
1 and 6 MeV/nucleon is shown in fig. 1 and fig. 2.
One can see that the main structure of all angular
distributions from the backward to forward angles
is well reproduced with OM results using the
potential parameters as listed in table 1. The
difference of differential cross sections at the
minima and maxima between the calculated and
measured results are reasonably accepted. One
notes that the pattern of angular distributions at
the backward angles is formed by the interference
between the direct and reflected waves scattering
in the interior region of potential while that at the
forwards angles is originated from the
interference of the waves incoming at the surface
potential. It indicates that the nuclear potentials
with parameters in table | have the reasonable
depth and strength from the interior to surface that
can be used to describe the actual '2C-'2C
interaction at low energies.

Table 1. Parameters of the optical potential (10).
The volume integrals for the real (Jv) and imaginary (Jw) parts
of nuclear potentials get the unit of MeVfm?®

u(n =

Eian Vo r a Wy ] a
(MeV) | (MeV) | (fm) | (fm) | (MeV) | (fm) | (fm)
16 [ 3720 | 0751 [ 1421 [ 2.241 | 1.468 | 0.218
Jv = 363 Jw=18
18 [ 3700 [ 0751 | 1421 | 2.442 | 1.418 | 0.260
Jv = 360 dw =17
20 | 3670 | 0751 1421|2866 | 1.431 [ 0215
Jv:357 \]W:21
35 | 3630 | 0753 1426 | 2399 | 1574 [ 0.202
Jy =357 Jw=24
40 2600 [0.752 | 1.426 | 3.069 [ 1.486 | 0.201
Jy =352 Jw =26
45 13650 [ 0.755 | 1.428 | 3.427 [ 1.426 | 0.232
Jy =361 Jw=25
50 [ 3570 [0.755 ] 1.428 | 4479 | 1.403 | 0.333
Jv =353 Jw =30
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Fig. 1. The elastic angular distributions for *2C + 12C system at
the laboratory energies of 16, 18, 20 MeV. The solid lines and
dotted lines account for the OM calculations using the
potential model in this work and Brandan potential,
respectively. The data are taken from [3].
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Fig. 2. The same as fig. 1 but for the laboratory energies of
30, 40, 45, 50 MeV [17]

For investigating whether the nuclear complex
potentials performed in this work are unique or
not, we calculate the volume integrals for the real
(Jv) and imaginary (Jw) parts of nuclear potentials
using the formula in [19] whose values are listed
in table 1. We make a comparison of the volume
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integrals between the potential model in this work
typical for low energies and the previous model
giving a good description of the scattering data at
higher energies. It is shown that there is a
consistent continuation of the Jv and Jw values
from the low energies to the higher energy region
[19]. In the energy region below 6 MeV/nucleon,
there are also some shallow and deep potential
families [19] with the volume integrals Jv that is
discrete with those of the potential family from
higher energies. The discontinuity of volume
integrals is ambiguous and unreasonable. Thus,
we take a deep type potential of WS form
(V0=386.2-0.868Eis» (MeV), r=0.583 (fm),
a=0.902 (fm), W,=0.091Eis, (MeV), r=1.449
(fm), a,=0.318 (fm)), one of mentioned discrete
potentials named BrandanPot, as an example to
analyze the *2C+'2C elastic scattering data, as seen
in Fig. 1 and Fig. 2. The BrandanPot potential
fails to describe the elastic angular distributions.
Therefore, based on the elastic scattering analysis
and the consistent continuation of wvolume
integrals from high to low energies, it is
reasonable to use the nuclear potential family
obtained in this work to study the *2C+*2C fusion
at low energies.

12C+12C fusion

In general, the astrophysical S factor that is the
typical input for the fusion at energies of
astrophysical interest is defined as a function of
system energy and fusion cross section

S=E ¢ exp(2m). (11)

where o is calculated in the framework of
BPM.

It is well known that the shape deformation of
colliding nuclei is important to the sub-barrier
fusion due to the dependence of the barrier high
on the orientation of incoming nuclei [10]. The
ground state shape of *2C nuclei is well deformed
with  the quadrupole and hexadecapole
deformations obviously observed. In this work,
we consider the effect of quadrupole deformation
(correspond to B2 = -0.40 £ 0.02 (fm)) [13] on
L2C+12C fusion at sub-Coulomb energies. To
investigate the role of shape deformation in
12C+12C fusion, we have constructed the deformed

NATURAL SCIENCES, VOL 2, ISSUE 4, 2018

Coulomb and nuclear potential corresponding to
the case of two axial-symmetric nuclei, as
described in (7) and (9).

10"
N IEC+ IZC

L * — Sherical-Pot
. OneDeformation-Pot

. = = - TwoDeformation-Pot

10"

S factor (MeV.b)

E,, (MeV)

Fig. 3. Astrophysical S factor from 2C+2C system at sub-
Coulomb energies. Data are taken from Ref. [4-7].

The comparison between the calculated results
of S factors from 2C+2C fusion at energies below
Coulomb barrier and the measured data [4-7] is
illustrated in fig. 3. The solid line presents for the
S factor calculated in the framework of BPM
using the spherical potentials. The dotted line and
dashed line describe the results in two
approximations of one and two deformed nuclei,
respectively. The data measured by various
experimental groups are significantly different at
energies below 5 MeV with strongly resonant
peaks. However, the calculated results are
consistent with most of the non-resonant data.
One can see that the deformed effects on the
astrophysical S factor are clearly obvious in the
energy region below 5 MeV where is involved in
the study of the fusion in star conditions while it
can be negligible at the higher energies. The
collision of quadruple deformed target and
spherical projectile produces higher astrophysical
S factor in the order of 1.5 times than the
spherical case. The simultaneous including of the
quadrupole deformations in both target and
projectile leads to the larger values of the
astrophysical S factor. It is clear to indicate that
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the role of deformed shape of colliding nuclei is
not negligible in 2C+2C fusion study.

4 CONCLUSION

The OM and volume integral analyses show
that the nuclear potential of 12C+!2C system at low
energies prefer to the deep family consistently
connecting to the potential family in higher
energy region. The astrophysical S factors from
L2C+12C system calculated in the framework of
BPM using the scattering potential with taking
into account the quadrupole deformation of
nuclear 2C surface agree well with the non-
resonant data. Our calculations figure out that the
account of the quadrupole deformation of 2C
nuclei induces the increasing of the astrophysical
S factor at sub-barrier energies. The including of
surface deformation of 2C nuclei during the
collision is important for the accurate calculation
of the astrophysical S factor at the Gamow
energies. The 2C nuclei has well deformed
surface clearly dominated by not only the
quadrupole  but also the hexadecapole
deformations. Therefore, the further calculation of
12C+12C fusion at low energies should be done by
taking into account both surface deformations of
colliding nuclei.
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Anh hudng cua bién dang bé mit hat nhan
1én phan Ung tong hop 2C+52C ¢ ving
ning luong thap
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Tém tit—Phan wng téng hop 2C+2C & ving
niing lwgng thién vin dwgc tinh toan duwa trén miu
xuyén rao lwong tir trong d6 c6 ké dén anh hwéng
ciia bién dang bé mit hat nhin. Cu thé, anh hwéng
ciia bién dang t& cwe lén tiét dién tong hop dwoc
khdo sat. Phan thuc va do cia thé twong tac hat
nhan dwgce xiy dung lan lwet dya trén dang ham
Woods-Saxon binh phwong va Woods-Saxon, déng
thoi ching dwge kiém tra qua phén tich sd liéu tan

xa 2C-12C & ving ning lwong gin ngudng Coulomb
trwée khi sir dung trong cic tinh toin miu xuyén
rao lwgng tir. Két qua tinh toan ciia phan bd goc 1a
phit hop véi dir liéu thuc nghiém. Ddng thoi, gia tri
ciia hé s6 thién vin S trung khép voi sb liéu do dat
trong truwomg hop khong cong hwéng. Két qua phan
tich cho thiy viéc ké dén bién dang tir cuc ciia bé
mit hat nhin 2C 1am ting tiét dién phén éng tong
hgp & vung ning lwgng dudi ngwong Coulomb.

Tir khéa—mo hinh quang hec, miu xuyén rao, phan #ng téng hop.



