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Ap dung phuong phap trung binh ngau nhién

bac cao cho hé Van der Pol véi thoi gian tré
chiu kich dong ngau nhién

Duong Ngoc Hao, Nguyén Pong Anh, Nguyén Quang Diing

Tém tit—Bai bao nghién ciru hé Van der Pol véi
thoi gian tré chiu kich dong ngiu nhién bing
phwong phap trung binh ngiu nhién bic cao.
Truéc hét, h¢ ban diu dwoc xAp xi véi hé¢ khong
con tré thoi gian véi gia thiét cic bién trang thai la
cic qua trinh bién ddi chim. Sau doé, ap dung
phuwong phap trung binh ngiu nhién béc cao cho
hé twong dwong nay. Biang cach nay, lin dau tién
nghiém x4p xi bic ba dang giai tich cia ham mat
dd xac suit dirng ciia hé Van der Pol ¢é tré thoi
gian dugc tinh. Anh hwéng ciia tham sb tré thoi
gian lén dap wng dwoc khao sat. Két qua tinh toan
dugc so sanh véi mé phong Monte-Carlo cho thiy
nghiém trung binh béc hai c6 d§ chinh xac tét hon
nhiéu so véi nghiém trung binh tiéu chuin.

Tir khoa—Van der Pol, phwong phap trung binh
ngiu nhién, thoi gian tré, kich dong ngiu nhién

1 GIOI THIEU

hwong phap trung binh ngiu nhién lan dau tién

dugce dé xuit boi Stratonovich [1], 1a phuong
phap duoc phat trién tir phuong phap trung binh
cho hé tat dinh do cic nha khoa hoc nguodi Nga
Krylov va Bogoliubov [2] phat minh. Phuong phap
nay dugc sir dung rong rii dé phan tich gan ding
cac hé dao dong c6 can yéu chiu kich dong ngiu
nhién dai rong (Roberts va Spanos, 1986 [3]).
Phuong phap nay cho phép thay thé cac qua trinh
Markov hai chiéu co ban cho dép ung biang mot
qua trinh Markov mdt chiéu cho qua trinh bién do

@ (t) cua dap ung. Phuong trinh Fokker-Planck
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(FP) twong g cho @ (1) 66 thé duoe giai giai
tich dé dang cho ta biéu thirc ciia phan bd xac
suat ding ctia qué trinh bién do. Bing cach xem
xét qua trinh pha tuong tng, c6 thé co dugc biéu
thirc giai tich gin dung cho phan phéi dong thoi
cta chuyén dich va van toc cua dap tmg, tir d6 c6
thé tinh dugc cac s liéu thdng ké lién quan.

Trong phuong phap nay, dap tng cta hé co
can yéu chiu kich dong dai rong duoc xép xi boi
mdt qua trinh khuyéch tan. Cac hé sd cua
phuong trinh FP tuong Gng duoc tinh toan dua
trén phép lay trung binh cac phuong trinh chuyén
dong. Piém manh cua nhitng phwong phap nay &
chd ching thuong lam giam sb chidu cua bai
toan va lam don gian cac tinh toan tim nghiém.
Vi cac wu diém nay ching ciing dwoc ap dung
cho cac h¢ trong d6 cac dap ung da la Markov.
Phuong phap trung binh dugc sir dung rong rai
trong cac vin dé du doan dap ung, phén tich on
dinh... [4, 5].

Du dugc ap dung rong rai va kha hiéu qua
nhung phuong phép trung binh ngiu nhién ciing
c6 han ché 1a trong vai truong hop, cac théng sb
phi tuyén bi mét trong qué trinh trung binh ho4.
Pé khic phuc diéu nay, tac gia N.D. Anh cung
cong sy [6-8] d2 mo rong phuong phap trung
binh ngiu nhién theo céac tinh toan bac cao hon.

Muc dich ctia bai bao nay 1a ap dung phuong
phap trung binh ngiu nhién bic cao dé tim
nghiém trung binh bac ba cho hé Van der Pol
chiu kich dong ngiu nhién va lyc diéu khién véi
thoi gian tré. Pay la hé dao dong phi tuyén kinh
dién véi thanh phan can phi tuyén. Cu tric cta
bai bao nhu sau: trong muc 2, ching tdi trinh bay
phuong phap trung binh ngiu nhién bac cao 4p
dung cho hé c6 thoi gian tré chiu kich dong ngau
nhién trong trudng hop tong quat; sau do ap
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dung vao h¢ dao dong Van der Pol dugc trinh bay
trong muc 3; muc 4 trinh bay két qua so sanh sb
gitra nghiém giai tich va két qua mo phong bang
phuong phéap Monte-Carlo. Bai viét két thiic bing
mot s& két luan trong muc 5.

2 PHUONG PHAP

Phuong phap trung binh ngiu nhién béc cao

Xét hé mot bac tw do chiu kich dong ngau
nhién dugc md ta bdi phuong trinh 6t6nom

5%+(02x=gf(x,x)+\/a_'g(x,x)§, 1)

trong do § 1a nhidu tring voi cuong do don
vi, € 1 tham s dwong nho, ® >0 fva g 1a ham

dang da thire cua chuyén dich va van tdc.

Gié st phuong trinh (1) co6 dap ung dung. Khi
d6 phuong trinh (1) c¢6 thé duoc xem nhu mot hé
phuong trinh vi phan ngau nhién

dx = xdt

dx :[_m2x+gf(x,x)]dt+{/e_g(x,x)dBt @)

trong do B, 1a chuyén dong Brown tiéu chuan.
Khi & = O, phuong trinh (1) c¢6 nghiém tudn hoan
dang:

xX= a(t)COS(p, X=-a (t)co sing, ¢ =wn+0 (t)
3)
Pé 4p dung phuong phap trung binh ngiu
nhién, bién déi cap trang thai (%:5) heo bien do

va pha (a,G) theo cong thire (3). Ap dung qui tic
1t6, hé (2) duoc trinh bay nhu sau:

da =e{ ! g’ cos’ @ —lfsin(p}dt—ﬁgsin(de,,
2ac ) )
dg =¢ {—;zgz sin 2 —Lfcosw}dt —£gc05(de[,
2ag an ag

“)

trong do

f=f(x,x), gzg(x,x). 5)

Phuong trinh Fokker-Planck (FP) cho ham

mat do xac suét W(a,e,t) cua hé (4) co dang:

W2 S -4 S St 2|
(6)
trong do

1 1 .
K (a,p)= Wgz cos’ @ —;fsm(p,

1
K, (a’(P):_z

. 1
— g’ sin2¢ — — f cosq,
awm ao

1 .
K, (a,(p) = Esm2 (pg2 (a,(p) ,

COS( Sin
K, (av(l)) = %gz (a,(p),
2
cos
K, (“’(P) = azq);p g’ (a’(D)~

(7

Nhu d3 biét, giai phuong trinh FP 13 mot
viéc rat kho. Tuy nhién, c6 thé giai xap xi nd
bang cach ding phuong phap trung binh. Trung
binh hoa phuong trinh FP (6) dugc phuong trinh
FP trung binh

oW P P e, - * - N
Kza{é(KlW)Jr%(KZW)—E %(K“W)Jr2%(KIZW)+;6—Z(KZZW)}}

(®)
voi dau gach trén chi toan tir trung binh theo
thoi gian 7,
_ 1 2n /oy 1 2
f=—| rat=—1{ .
2n 2n )

. . W(a
Néu ham mat do xac suat diung ( ’6)
ton tai thi nd s& thoa phuwong trinh

0 /= 0 (= 1l é = o = 0 =
a(KIW)+%(KZW)=E aaz(K”W)+Zaaae(KDW)+692(K22W)}
(10)
Nghiém ctia phuong trinh (10) phai khong

am va dugc chuin hoa. Vi phuong trinh (1) 1a
6tondém nén phuong trinh (8) & dang don gian

%—szg[a—i(fl(a)W)—li(E“(a)W)} "

Vi vay phuong trinh (10) trd thanh
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% 2 6a’ , (12)
véi didu kién ban dau W( o>l ) Giai
phuong trinh (12) dugc nghiém
2K
W(a)= _C exp{_[ — 1(a)da}
Kll(a) Kn(a) (13)

trong do C1a hing s chuan hoa xac dinh tir
didu kién
I
0 (14)
Pé tim nghiém x4p xi bac cao cua phuong

K, (“’(P) ’

la cac ham cho trudc [7]

W a(p dad(p—l

© —y 8

trinh (6), dinh nghia hai toan tir sau voi
K, (a0) ij=12

0 0 1| & 20° o
KK, LW )= (KW )+ (KW ) == | S (K )+ = (K W )+~ (K W
[ J007) = 2y 2 ) e 2 £ )|
2 ~2
o 0 - 25, 2108 12,
6a Op 2 Oa Oadp 2 Ogp
K A\ (K KW
Oa Op ) Oa Op 0 Op

2 2 2
L K, aw Vi/+(a—wj +2K,, ow +6—W6W
2 da oa Oadp Oa Og
2
+K,, 6VIZ/+[87WJ .
g Op

Vo6i ky hi€u toan tu trén, phuong trinh (6)
duoc viét lai dang

ow
0= —=¢[K.K, |L0V)
® . (15)
Gia st
K, (a,(p,e ) =K, (a,(p)+Rl.l (a,(p)e +R, (a,(p)az +--,i=1,2
(16)

Khi d6 nghiém x4p xi cta (6) ¢6 thé tim duoc
dudi dang

W=W,+eW, +82W2+... (17)

trong do
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, (a )ZKQCXP(P 4 J

11 (18)
(0:0) ==~ J[Ki dip =W, (a)(Wy (a) + 1, (:0))
(19)
Wz(a:(P):’ij{[K,o’Ku]L(Wl)7[R11’0]L(W0)}d(!3:%(a)(wzo(a)Jrsz(a’(D))
(20)
1
VVn(a,(p)z—gJ.{I:K K, L, Z[R LO]L(W, }dm n=34,.
21
Vol
21 .
W“(a,(p):—gg;{[Klo K] (InW, (a))cos ng sinng -
[K,o K] (an(a))smn(pcosmp} 22)
, (a)=1{21i§jlW” K,
1 W,(a) R, .5 1 OW,(a)
_KIIVKIM(a) Oa _25_ 11I/I/}7(41) Oa :|
(23)

1
I/V;z (aaﬁp) = _;J.{I:K[OVVII +K10VK07K,'VK| +K1'VVIO:| l (]nVVo (a))

76R||7 R, 6W() aRZI
da W,(a) 0a 0p

24)
L 9 _ 1 oW, (a)
VVzO(a)_J.E”{KIOVVZZ 5aK“W22 KWy W,(a) oa
+2R, (W, + W, )+ Ry, | da.
(25)

Tir cac phuong trinh (17) d&én (25), c6 xap
xi bac ba cho nghiém dung cua (6) 1a

? (Wzo (a)+ W, (a’(P))}
(26)

W (ayp) =W, (a) {1+ (W, (a) + W, (ap)) +e

Pé ¥, nghiém (26) c6 thé 4m, tuy nhién diéu
nay thuong khé xdy ra khi khai trién ham mat do
theo phuong phap o trén.
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Nghiém trung binh bic cao ctia hé Van der Pol
ngiu nhién véi thoi gian tré

Muc nay chung téi st dung phuong phap
trung binh ngau nhién bac cao dugc trinh bay trong
phén trudc dé nghién ciru dap mg ciia hé Van der
Pol dudi tac dung cua luc diéu khién tré va kich
dong ngau nhién c6 dang

5é+(,)2x—a[(q—[3x2)x+ng+§xJ=«/§0§t
27)
VOl (X>0, B>0, ® #0, g’g A 13 cac
=x(t-4)

,& 1a nhidu tring dang Gauss véi
cuong do don vi.

hiang s6, € 1a tham sé duong nho,
X, =X (t - A)

Tim nghiém cia phuong trinh (27) & dang (3)
s€ co

x, =a(t—A)cos| o (t—A)+6 (1-A)],

i, =-a(t-A)gsin[q(t-A)+6 (1-A)],
(28)

Tir (4), thay rang ¢ va O ti 1¢ voi tham s6 bé

~ P S S alt R t) .. ,
€ nén cb thé gia thiét rang ( ) va 6( ) la cac
qué trinh bién ddi cham. Do d6, trong mot chu ky

N
®© ta co thé thay ( _A) bing a(t) va
6(1=2) bing () S dung xép xi nay va (28)

thay vao phuong trinh (27) thu dugc phuong trinh
dao dong khong con thoi gian tré:

P+ x—g [—B x7x +nx+1{x:| = \/gcit (29)
voi
n=g COSHA + iy SinpA

K =q+¢ COS(OA—Q(,{1 sin A . (30)

Tir (5) va (7) tinh duoc

_ 1 2
K =—=a'p TG
8 2 dag
— 3a2y o
? 8o 20y
_ ol = _ ol
K11: 2’K12=0’ 2T 5 2 2°
2w 2a g 31)

Vi Ky 1a hang sb nén tir (18) tinh dugc xap
xi bac mot cho ham mat dd xéac suit cua hé (27)

la
W, (a)=C, expj da Caexp{Km @ @}
o 8
(32)
voi o tinh tr (14)
-1
c -9V [ 26’ JH rt{mkﬁ]
0
2Tt\/_G o’B G\/E
(33)
trong do, erf(x) 1a ham sai s6 x4c dinh boi
phuong trinh

erf(x) = ij‘gexp (—t2 )dt
T o

Pé tim nghiém xép xi bac hai va bac ba cua
(15), tinh theo cac cong thirc (22) va (23) duoc

" (a) :%(Baz —4&)—%(30)%4 ~126” 4o ’ka’)
L0 (),
(34)
2
Ka
W (a)= _Dz_z
N (35)

Tir cong thirc (24) tinh dugc
W,

b =S, 8In2¢ + 5, sin 4 + 5, in 6 + 5, 510 Bgp
+ ¢, €08 2¢ + ¢, cos 4 + ¢, cos b + ¢ cos8p,

(36)
trong d6

o KnB_ e 3B
166ys > 8"

(DB n a4 (JJKB n & (3(0‘< BT]

138 nj
210 4 27 4

S
2 2( 4 28 ®c 2
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5, = _oB 11 OJKB M at+ 7B a® — Sknf a4 trong do G 1a hang sb chuan hod. Nghiém
2ot T3t ¢ 128007 3200” x4p xi bac ba cta (27) I
2 2
S¢ = ;01[03 T] ! (02]58 ] +[(06K4GB:] _22!30)22Ja6’ W (a0)= Cae"p(kta (08: BJ{HE[WIO )+, ()]
(37) e () Haleol]),
(41)

c,=—

O] B 12+(02‘<[33a10_ 7B3 +(02KZBZ &

2I2 4 29 210 2 28 4

+[5KB R Bk] [ Wh 3B 13p° J L ,
Go® 160" )" e’ 160" 4o’ 6ho’) 1607 3 KET QUA VA THAO LUAN

e Co a1y ,( 2 .
véi 2 la hang so chuén hoa.

Trong bang tinh bén dudi, két qua méd

(X)ZB4a12+(l)2KB3a10+(15B3 _o’%’B’ B ]

“=Ton 294 2062 20t 2%° phong sb cua gia tri trung binh dap tng binh
2 2 2 E 2 s
(32BK o J {%‘ ;Bz—z? B z+$£j“4’ phuong Z(**) duge tinh bing phuong phip
° © ® Monte-Carlo v&i 10.000 mau, con gia tri xap xi
o trung binh dap tGng binh phuong cia hé (27)
_ 0)2B4 12 _(DZKB3 10 Q)ZKZBZ _ B3 KB r 2
€ = 212 74 29 3 a4 +( 2804 3'21002ja +480 4 duQC tll’lh bOI
(n B Q)ZKB3 B3 0)21(2[32 2n ©
G = 214 g T+ 2“84 a10+(21202 - 21004 a'. E(X2)= Ijaz COS (0) W a (p)d(pda
00 (42)
(38)

LAC mit do xac sudt dimg ctia hé
(27) duoc xac dinh giai tich bdi cac cong thirc
Wy (a) = 896°B° o Sw’B’ i [ﬂ 109p° +5m2k2[32jag (32), (40), (41) tuong tmg v6i cac cong thirc xap

Tinh tir cong thirc (25) s€ c6 dugce

9.2%* 2" 2" 2% 2% xi bac mot, bac hai va bac 3.
{zeks o sk] [393 9B B L] [D %B] Cac bang 12 tinh toan s§ voi @ =1,
384’ 32° 2560 64’ bda'o’ 16o do’s’ 16 ‘R = — = = X . \
o ° °oe B=5 w=1 g l,c I Ké qua tinh tir
(39)

bang 1 cho thay khi tham s6 trd A tang tir 0,1
dén 1 thi trung binh dap g giam dan tir khoang
0,8 v& 0,48. Bang nay ciing cho thiy két qua tinh

Nhu vay, nghiém xap xi bac hai cia (27) 1a

toan theo phwong phap trung binh bac cao tt
hon phuong phap trung binh tiéu chuan (bac 1).

oSSt
(40)

( 2 2 _
Bang 1. So sanh cac nghiém trung binh véi mo6 phong so khi A thay d6i (g =0,01, = 1 )

Xap xi bac 1 Xap xi bic 2 Xap xi bac 3
A | Mo phong sb >
E| (x )

Error (%) E, (x2 ) Error (%) E, (x2 ) Error (%)

0,1 0,7945 0,8025 1,01 0,803479 1,13 0,803572 1,14
0,2 0,7781 0,7656 1,61 0,766829 1,45 0,766918 1,44
04 0,6942 0,6890 0,76 0,690555 0,53 0,690636 0,52
0,6 0,6427 0,6128 4,65 0,614781 434 0,614856 433
0.8 0,5433 0,5419 025 0,544123 0,15 0,544194 0,16

1 0,4823 0,4795 0,58 0481778 0,10 0481844 0,08
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. . 2 _

Bang 2. So sanh cac nghiém trung binh v4i mo6 phdng so khi A thay d6i (¢ =0,1, 0 = 5 )

Mb phéng sb Xap xi béc 1 Xap xi béc 2 XAp xi bac 3
A E (x2 ) E, (x2 ) Error (%) E, (x2 ) Error (%) E, (xz ) Error (%)
0,1 1,2449 1,14388 8,11 1,18528 4,79 1,24943 0,36
0,2 1,2221 1,11875 8,46 1,16390 4,76 1,22618 0,33
0,4 1,1641 1,06567 8,45 1,11693 4,05 1,17517 0,95
0,6 1,1105 1,01124 8,94 1,06640 3,97 1,12042 0,89
0.8 1,0462 0,95810 8,42 1,01467 3,01 1,06448 1,75

1 1,0113 0,90839 10,17 0,96385 4,69 1,00958 0,17

107

Bang 1 va 2 cho thay khi tham s6 € gin
khong (& =0,01 ¢ Bang 1) thi cac nghiém trung
binh bac 2 va 3 kha gan nhau nén trudng hop nay
chi can dung nghiém trung binh bac 2 1a du. Khi
tham s6 ¢ 16n hon (¢ =0,1 ¢ Bang 2), nhin
chung, cac nghiém trung binh bac cao tot hon
nghiém trung binh tiéu chuan, hon nita, nghiém
bac ba cho két qua t6t hon cac nghiém bac mot
va bac hai.

Khi hé khong c6 tré thoi gian véi @ =1,
B=10"¢_02,0=1,579 =0 ging3

duéi day cho két qua tinh toan trung binh dap
ung binh phuong ctia hé (27) theo (32), (40) va
(41), so sanh véi gia tri md phong bang phuong
phap Monte-Carlo trong bai bao ctia Roy va
Spanos (1991, p. 124, [9]). Trong truong hop
nay, nghi¢m trung binh xép xi bac mdt va bac hai
tring nhau, con nghiém trung binh bac ba cho d¢
chinh xac cao hon han, chiang han khi cuong do
kich dong ngau nhién 1a 1, nghiém trung binh
bac ba cho d¢ chinh xac 2,2% trong khi nghi¢m
trung binh bac mot 1a 5,4%.

I 2 2
Bing 3. So sanh cac nghiém trung binh v&i mo phoéng s6 khi O thay doi.

Xip xi bac 1 Xdp xi bac 2 XAp xi bac 3
2 Mo phong s6
o p g S0
E (x2 ) Error (%) E, (x2 ) Error (%) E, (xz ) Error (%)
0,1 0,2080 0,20553 1,19 0,20553 1,19 0,20754 0,22
1,0 0,3600 0,34025 5,49 0,34025 549 0,36792 2,20
5,0 0,7325 0,64334 12,17 0,64334 12,17 0,82053 12,02
Tir cac bang trén, co thé thiy nghiém xap xi 12f *
trung binh bac ba cho két qua kha tot so vdi
R X V1A ~ e o1 A . T '
nghiém xap xi bac mot doi véi hé Van der Pol chiu ¢=01,0%5
kich dong ngiu nhién va luc diéu khién véi thoi o8l ]
gian tré. u .
2 . . 0.6 J
Hinh 1 cho thay sy anh hudéng ctia tham so thoi
gian tré 1én trung binh dap ng binh phuong véi 04t 001,071 ]
cac tham sb hé 1a QZI, BZS,(’JZI,QZI, o , , . , ,
“o 0.2 0.4 0.6 0.8 1

¢ =1 . Tinh toan cho thay trong truong hop hé co
cac tham sd nhu di néu thi tham s tré thoi gian
cia lyc diéu khién c6 xu hudng lam giam trung
binh cua dap rng binh phuong.

A

Hinh 1. D thi cua trung binh dép tng binh phuong theo

tham s6 tré A
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T céc tinh toan trén, co thé tim dwoc ham
mat do x4c suét dirng cua bién do a tir cong thic
(46) nhu sau:

W(a) = _[Wz (a,(p)d(p
0 (43)

Thi du, véi £ =0,2 , 5 =1, A=0,2 con
cac tham s6 hé khac nhu phan trén thi c6 do thi
ham mat d6 x4c suét dimg cua bién do dap ung
dugc cho trong Hinh 2.

0.8
06 |
W)

0.4

0.2

o T T T T 1
u} 0.s 1 1.5 2 25
a

Hinh 2. B thi ham mat d6 xac sudt dimg cua
bién d¢ dap ung

4 KET LUAN

Bai bao da 4p dung phuong phap trung binh
ngau nhién dé tinh dugc nghiém xap xi bac ba
dang giai tich cho hé Van der Pol (hé c6 hé sb
can phi tuyén) vé6i thoi gian tré va chiu kich dong
ngiu nhién dang 6n tring. Két qua so sanh voi
md phong Monte-Carlo cho thdy nghiém bac ba
t5t hon nhidu so v&i nghiém tim dugc bing
phuong phap trung binh ngiu nhién thong
thuong (nghiém bdc nhét). Két qua tinh toan
trong bai bao nay cho thiy phuong phéap trung
binh ngiu nhién bac cao kha hiéu qua trong
nghién ciru cac hé dao dong cé can phi tuyén
chiu kich dong ngiu nhién véi thoi gian tré, danh
gia duoc tac dong cua tham sd tré 1én nghiém
ctiia hé: Vi cac tham s cua hé cho trudc nhu
trong muc 4, khi tham s6 tré thoi gian tang tir 0,1
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dén 1 thi trung binh binh phwong dép tmg giam
dan. Trong cac nghién ctru tiép theo, ching toi s&
nghién ctru hi€u qua clia phuong phap trung binh
ngau nhién bac cao cho cic hé dao dong cé do
ctng phi tuyén chiu kich déng ngau nhién va luc
diéu khién véi thoi gian tré.

Loi cdm on: Nghién cuu nay dwoc tai tro
béi Quy Phat trién Khoa hoc va Cong nghé
Quéc gia (NAFOSTED) trong dé tai md so
107.04-2015.36.
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Abstract—The paper investigated the Van der
Pol system with time-delay under random
excitation by the higher stochastic averaging
method. The original system was expressed in
terms without time-delay under the assumption
that the state variabled of the system were slowly
varying processed. Then the higher stochastic
averaging method was applied on the
approximation system. By this technique, the
analytical expression of the stationary probability

density function for the Van der Pol system with
time-delay under random excitation was showed in
higher order approximation for the first time.
Effects of the parameter time-delay on the system’s
response were investigated. The analytical results
were suited well to numerical ones obtained by
Monte-Carlo method. It was also showed that the
higher order averaging solution was better than the
one obtained by the traditional stochastic
averaging method.

Keywords—Van der Pol, stochastic averaging method, time-delay, random excitation



