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TOM TAT

Tinh chét co clia cac hé dong luc ndi chung va cac hé phuong trinh sai phan noi riéng la mot trong
nhimng tinh chat dinh tinh dugc su quan tdm khai thac clia cac nha nghién cdu trong sudt nhiing
thap nién gan day. Tinh chat co clia cac hé dong luc cé nhiéu ting dung trong cac mé hinh thuc té,
la tinh chat ma hai quy dao béat ky clia hé déng luc hdi tu vé nhau khi bién thai gian dan ra duong
v6 han.Trong bai bdo nay, trén co s& cai tién mot s6 phuong phap tiép can da cé, chidng téi trinh
bay mot phuong phap tiép can mai cho bai toan co clia mét I16p hé phuong trinh sai phan phi
tuyén co cham phu thudc thai gian véi bién lién tuc. Ching toi mdé rong khai niém co thanh khai
niém téng quét hon 1a e-co. Tu d6, chiing t6i dua ra maét s6 diéu kién tudng minh mdi cho tinh
chét e-co va &n dinh ma cla Idp hé nay. Ngoai ra, chiing téi nghién clu diéu kién g-co clia I6p hé
phuong trinh sai phan phi tuyén c6 cham vdi bién lién tuc chju nhiéu phi tuyén, véi cac ham nhiéu
la ham phu thudc thoi gian téng quét. Ti d6, chidng t6i dua ra bién cho tinh e-co cla I6p hé nay
chiu nhiéu phi tuyén. Cac két qua dat dugc la ma rong téng quat clia mot sé két qua da co trudce
day clia nhiéu tac gia khac. Mot vi du dugc dua ra nham minh hoa cho két qua dat dugc.

Ti khoa: Bién co, co, hé chiu nhiéu, 8n dinh ma, phuong trinh sai phan vai bién lién tuc

MG PAU

Gidi thiéu

Phuong trinh sai phin néi chung va phuong trinh sai phan véi bién lién tuc néi riéng c6 nhiéu ting dung
trong cdc m6 hinh thyc té€!. Cac bai todn vé tinh chét dinh tinh ctia nghiém cfia cdc hé phuong trinh sai phan
nhu tinh chét 6n dinh, hat, diéu khién dugc, bi chin,... da va dang thu hat cac nha nghién cttu trong sudt
nhiing thap nién viia qua 2=7_ Niam 1998, Lohmiller va Slotine® da dua ra mot s6 mo hinh thuc t& vé co hoc
chét 1ong dan dén viéc nghién ctiu bai todn vé tinh chit co ctia cc hé dong luc. Trong do, cic tac gia da duara
nhiéu diéu kién cho tinh co ctia hé phuong trinh sai phan thudng va hé phuong trinh vi phan thudng. Cac
két qua nay sau d6 dugc ting dung vao mot s6 mé hinh bai todn diéu khién va thiét ké quan sat d6i véi mot s6
hé dong luc.

Céc bai todn vé tinh chit co clia hé ddng luc sau d6 dugc tiép tuc nghién ctiu, phét trién béi nhi€u nhom tac
gia”*1%, Gan day, bai todn vé tinh chét co cho hé phuang trinh sai phan phi tuyén c6 chim véi bién réi rac”
va h¢ phuong trinh vi phan phiém ham '° 14n lugt da dugc nghién ctiu. Trong d6, nhém tac gia da dua ra
nhiéu diéu kién dt, tudng minh cho tinh chét co ctia hé phuong trinh sai phan phi tuyén va hé phuong trinh
vi phan phiém ham. Tuy nhién, tinh chit co ctia mot s6 16p hé phuong trinh sai phan va vi phan thudng gip
ching han nhu hé phuong trinh sai phan véi bién lién tuc, hé phuong trinh vi phan trung hoa, hé phuong
trinh sai phan va vi phan két hop, hé phuong trinh ¢6 yéu t6 ngiu nhién... chua dugc nghién ctiu mét cach
day du.

Nhim dong goép mot phan ly thuyét vao van dé md néu trén, trong bai bao nay, ching t6i m& rong khdi niém
co thanh khdi niém t6ng quat hon 1a €-co, va dua ra nhiéu diéu kién cho tinh €-co ctia nghiém d6i véi mot
16p hé phuong trinh sai phan phi tuyén vé6i bién lién tuc. Cac két qua dat dugc 1a md rong téng quét thét su
ctia mot s6 két qua da cé trudce day cha cic tac gia khac.

Mét s6 quy udc va ki hiéu

Goi Z 1a tp hop tdt ca cdc s6 nguyén vaki hieuZ, :={k€Z :k >0} Véimdim € Z, , ki hiéu
m:={1,2,...,m}. GoiR, Clan lugt la trudng cic s6 thyc va trudng cc s phic. Vi hai s6 nguyén duong I,

Trich dan bai bdo nay: Thuy DL, Tinh CT, Hi€u L T, My Van L H. Diéu kién dt cho tinh chat epsilon-co ciia
mot I6p hé phuong trinh sai phan phi tuyén véi bién lién tuc. Sci. Tech. Dev. J. - Nat. Sci.; 3(3):213-224.
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¢, ki hiéu R/*4, RlJrXq , 1an lugt la tdp hop cac ma tran thuc va tdp hgp cdc ma tran thyc khong dm ¢d 1 x g .
V6i hai ma tran thuc A = (aij) ,B= (bij) € R'*9 ta quy u6c bét ding thic gitia A = (aij) ,B= (bij) nhu sau:
A > (<,>,<)B tuong duong véi a;; > (<,>,<)b;j, v6imoii € L, j € g . Céch hiéu tuong tu khi so sanh
hai vécto. Chuédn clia ma trdn A = (aij) € K" dugc hiéu la chuén toan ti (operator norm) va dugc xéc dinh
A .

boi ||A]| := m:élé( w = ”mHax [Ax| . Cho A € R*" B € R ,néu |A| < Bthi ||A]| < ||B]| . V6i

X X x||=1
A= (aij) € R™" | bdn kinh phd (spectral radius) cia A dugc xac dinh bai
p(A) =max{|A|: A € C,det(Al, —A) =0} .

DIEU KIEN CHO TiNH £-CO CUA HE PHUONG TRINH SAI PHAN CO CHAM V@I BIEN LIEN TUC
Trong muc nay ching tdi nghién ctiu diéu kién co ctia 16p hé phuong trinh sai phan c6 cham phu thudc thoi
gian v6i bién lién tuc c6 dang nhu sau

m

x(t) =Y fi(t:x( = hi))

i=1
0
+ [ gltsxte+9)ds.r > 1o W
—h
trong d6, fi(;+) Ry xR" = R"iemvag(:,--): Ry x [-h,0] x R" — R” la nhiing ham lién tuc cho trudc
vah,h; > 0,i € m.

bat 1 :=max {h,hy,hy,...,hy} vaC:=C([—71,0],R").Ta cd dinh 1y € R, ¢ € C va xét cho hé phuong
trinh (1) mot diéu kién d4u c6 dang sau

x(s+19) =@(s), voise€[-1,0] (2)
Néu bai todn gid tri du (1)-(2) c6 nghiém, ki hiéu b&i x (-, 9, @), thi ham diéu kién déu ¢(-) phai théa man
" 0
diéu kién @(0) = Z fi(to, 0 (—hy)) —|—/ g(t,s,0(s))ds. Do d6, viéc nghién ctiu nghiém lién tuc cta (1)-(2)
i=1 —h

dan dén 16p cdc ham diéu kién dau sau day
m
Cy,:={pcC:0(0) =Y fi(to,p(—hi))
i=1

+ [ stespionash

Cho truée 1y € Ry ¢6 dinh va ¢ € Cy,. Trong sudt bai bdo nay chung t6i gia st bai todn gia tri dau (1)-(2) c6
duy nhét nghiém 1a x (-, 7, ). Nghiém nay 1a ham nhén gié tri vécto trong R”, lién tuc trén [—7 +1,0) va
théa man (1), (2) véi moit > f.

Cho diém x, € R", khi d6 x, dugc goi 1a diém cin bing (equilibrium point) ctia hé (1) néu

m 0

Zfi (t5xe) +/ g(t,8,x0)ds = x, v6imoit € R,t > —T+ 1. Ta thdy ring néu f;(#;0) = 0, v6i moi

i=1 —h
teRiemvag(t,s,0)=0v6imoit € R,s € [—h,0] thi x, = 012 mot diém cén béng ctia (1). Khi hé (1) ¢6
diém can bang 0 thi v6i ham diéu kién déu ¢(s) = 0, v6i moi s € [—7,0], hé (1) ¢6 nghiém x(z,19,0) = 0 véi
moir > fg. Ta c6 dinh nghia sau day vé £-co va co ctia hé (1).
Pinh nghia 2.1. Hé (1) dugc goi la £-co (€-contractive) néu ton tai M > 0,& > 0,4 € (0,1) sao cho

1x (2,20, 9) —x (2,10, W) | < MA™™[[@ — | + € ©)

véimoit € Rt > 19,9,y € Cyy. Trong d6, || @ — y|| = max{||¢(s) — y(s)|,s € [-7,0]} .
Trudng hop bét ding thiic (3) dling véi € = 0 thi hé (1) dugc goi ngin gon la co (contractive) ([7, Definition

2.1]).
Ta thdy rang, tinh chit €-co 1a m& rdng ctia tinh chdt co. Sau déy la dinh nghia vé 6n dinh ma ctia nghiém
khong ctia hé (1).

Pinh nghia 2.2. ([°, Definition 1]) Nghiém khong ctia (1) dugc goi la 6n dinh mii toan cuc (globally
exponentially stable) néu tén tai M > 0,14 € (0,1), sao cho

[lx (2,20, 0)[| < MA" @],
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véimoit € R,t > 1y, ¢ € Cy,. Trong d6, || @|| = max{||¢(s)||,s € [-7,0]}.

Khi nghiém khong cta (1) la 8n dinh ma toan cuc, ta ciing n6i hé (1) 1a 6n dinh ma toan cuc.
Trong sudt muc nay, ching toi gia thiét ring

(H) Tén tai A;(-) : R > R, i € m,B(-,-) : R x [=h,0] = R*",i € m,va cdc ham bj chin
ui(-,,) :RxR'xR" - R i€ m,v(-,-,-) : RxR"xR" = R}, sao cho

[ 10— £;(1:3) | <A (0)[x—y|+ui(1.x.y), ViEm 1R x yeR™ (4)
|g(t.5.%)—g(t,5.9)|<B(t,5)[x—y|+v(t,x,y) s€[~h,0] tER xyeR"
Sau day, ching t6i dua ra mot s6 diéu kién tudng minh cho tinh €-co ctia hé (1).
Pinh 1i 2.3. Gia sti (H) va mdt trong céc diéu kién sau day dugc thoa man
(i) Tontai A € (0,1),p e R*,p>>0
sao cho
mn 0
ZAi(t)/l”“ + / B(t,s)A%ds | p< p,Vt €R (5)
i=1 J=h
.. o~ . nxn
(ii) Ton tai sao cho D € R E ,p(D) <1
m 0
ZA;(1)+/ B(t,s)ds <D,V €R (6)
i=1 —h

m 0
(iii) Ton tai A; € R i € m va ham lién tuc G(-) : [—h,0] — R, p (ZA,- +/ G(s)ds) < 1 sao cho
i=1 —h

Ai(t)<A; VteR,iem,B(t,)<G(s), V1R, s€[—h,0] (7)

(iv) Ton tai y € (0,1) sao cho
m 0 ,
Y40l y "+ [ Bs)[yds <1.v € R ®)
i=1 -

Khi dé, hé (1) la e-co. Ngodi ra, khi u;(t,x,y) = v(t,x,y) = 0 vdi moit € R,x,y € R" i € m thi h¢ (1) la co.
BG dé sau day dugc stt dung trong chiing minh ctia Binh ly 2.3.

B3 dé2.4 ([7, Lemma 1.1]). Cho ma tran A € R"*". Cdc khdng dinh sau day la tuong duong

D pA)<1; (i)IpeR",p>0:Ap<p; (i) ([,—A) "1 >0

Chiing minh Dinh Ii 2.3. (i) Gié st (i) dugc thoa man véi p = (py, pa,- .- ,pn)T > 0. Ta cin ching minh t6n
taiM >0, >0, € (0,1) sao cho

[lx (2,10, 9) —x (1,10, W) || < MA@ — y|| +&,

véimoit € Rt > 19,0,y € Cy,
Liy ¢,y € C;, (¢ # y) la hai ham diéu kién d4u c6 dinh nao do, sau day dé€ phép chiing minh dugc ngin gon,
taddtx(-) :==x(-,7,9),y(:) :=x(-,70, ¥). Khi do,

(s +10) =y (s+10)| = [@(s) — w(s)|

P
<llo—v]

min{p;,i €n}’
s€[-1,0]. )
Do A € (0,1),p> 0néntu (5) tacod
mn 0
Y Ait)+ | B(t,s)ds|p
i=1 J—h
0

m
< (ZAi(z)lh" + B(r,s);wds) p< pVreR.
i=1 —h
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Khi dé, ton tai § € (0,1) va ¢ gan 1 sao cho

(ZA / Btsds>p<<5p7VteR

bat W(t) = Al ”(P - WH mjn{[i"ieﬂ} +Kmin{/i,i€g} 1€ [tO - ‘L',OO], trong do

1>10,x,yER"

K= {wnilt,xy) +
=175 1n§11a<xn sup  {uyi(t,x,y)+...
Fumi(t,x,) +hvi(t,x,y) 1}, (10)
vOi u;(t,x,y) = (i1 (£,%,) up (£, %,y), . ., uin(t,x,5)) vav(t,x,y) = (vi(t,x,5),v2(t,%,5), ..., un(t,x,y)).
T (9) va cach dit w(r) & trén, ta cd
___r
min{p;,i €n}

l_l _ )4
<A e wl\imin{m cal

w(s+1g),Vs € [—7,0].

lx(s+120) —y(s+10)| <o — v

Hay |x(s) —y(s)| < w(s),Vs € [-T+19,10] -

Ta can chiing minh |x(¢) —y(¢)| < u(t), v6imoit > —7 + 1.
Dic biét, tair =tg ta cd |9(0) — w(0)| = |x(to) —y (t0)| € w(tp). Do tinh lién tuc ctia cdc ham x(r),y(r), w(r)
nén ton tai ¢ > 0 sao cho w(t) > |x(t) —y(t)|, Vt € [tg,t9+ 0). Tiép theo, ta chling minh

x(8) =y <w(t), Vi=1 (1)

Duing phuong phap phan chiing, gia st ngugc lai rang ton tai s6 thuc ¢; > g sao cho w(z;) khong 16n hon
hodc bang |x(¢]) —y(#;)|. Dét s, :=inf{t; > 1y : w(f;) khong16n hon hodc bang |x(¢;) —y (¢1)|} < eo. Khi
do, t, > o va ton tai chi s6 ig € n sao cho

(1) =y(@)] < wlt), Vi€ [to,t)
iy (£) = yiy ()| = wig (8) (12)
g () = ig (1) > Wiy (1), V1 € (14,8 4 6)

véi 6 > 0 da nho.
Tu (1), (2), (4), (5), (9) va (12) ta cd
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(e —h)) = f (e y(t —h))|+ _f ‘g(?‘,{.s”\r(rx +5) — gt s, v(t. + s))\ds

=h

() — »(2.)

—Z

m

3 uy (1.3 = h). (= h)) + j v(t.x(t + ). (6 +5)) ds

m m

<ZA (towl(t.—h)+ _[B(r: s)w(t, + s)ds +Zzt (t.x(ts —h). p(ts - h,)) I v(t.x(t +5), y(t +5))ds

=h

o
<ZA(I“ (" oyl K)o P ;’Jen}+ j B(n,s)(/’t"”_“_lH@—W||+K)7mm{;fEn}‘ﬁ'

+maxy  sup  {u,(tx ¥)+ o+ (x )+ (Fx )} __r
190 | 2h xR min{p,,i € n}

S A ) + B?‘SAdSip A,(t)+ | B(t.,5)ds Y
”q) W”[Z « ;[} ®.5) min{p,.i € n} Z ) ;“b ¢ )d min{p,.i € n}
+(1-HK—F
min{p,.i € n}
= o~y k2 aok— P
mm{p ien} min{p,.i € n} min{p,.i n}
temtp - P p
<A o - +K
”qp w”min{g.z’eg} min{p,.jcn}
=w(t.).

Diéu nay méu thuin vé6i (12). Do d6, (11) dugc thoéa méin. Do tinh don diéu cta chudn vécto,

5= 30)] = [}x0) = y )| < @] < 27 oo - — el ¢ : ] Vg

min{p,.i € n} mm{p, i € n}

Hay
||x(t) — y(f)” <MATe H¢7 wHJra, Vtzt,,

S — Il _ [[2l v ha 5
trongdo M = A winl pricn] € = Kmin{p,»,i@} . Vay hé (1) la e-co.
Khi u;(¢,x,y) = v(t,x,y) =0, v6imoir € R,x,y € R",i € m thi K = 0 hay € = 0. Khi d¢, hé (1) 1a co.

(ii) Ta chiing minh (ii) kéo theo (i). That vay, vi D € R’7*"va p(D) < 1 nén theo B6 d€ 2.4 (i) (ii), ton tai
p €R" p> 0saocho Dp < p. V6i T :=max {h,hy,...,hy}, tacodton tai A € (0,1) va dt gan 1 sao cho

Ay *Dp < Agp. Tit dé, ta c6

(Zl’-"zlA[(t)loihiff? (t.5)A3ds) p<Ay ( t)+f0 B(t,s d\')
<Ay "Dp<Aop<p VreR

Do d6 (i) dugc thoa man. Vay (1) 1a e-co va khi u;(¢,x,y) = v(t,x,y) =0, v6imoiz € R, x,y € R")i € mthi
hé (1) 1a co.

(iif) Ta thdy, (iii) Ia truong hop dic biét cta (i) v6i D = Y7, A; + [°, G(s)ds.

(iv) Gia st (iv) dugc thoa man. Liy @, y € Cy (¢ # y) 1a hai ham diéu kién du ¢6 dinh nao d6, ta dat:

x(+) :==x(+,10,9),y(-) := x (-, 9, ¥). T cach xac dinh ctia |@ — y||, ta co:

llx(s+10)=y(s+10) |=ll@(s) =y ()| <[l @—Wl|.s€[-7,0] (13)
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Do y € (0,1) nén tu (8) ta co:
m
LAt e[ Iateds < 3 ol
+/ IB(1,5)|[’ds < 1,v1 € R.
—h

Khi dé, tén tai 7 € (0,1) va da gén 1 sao cho Y7 | [|A;(1)]] +f£)h IIB(t,s)||ds < n, t€R. Dit
w(t) ==y~ o —y| +e,r € [tg — 7,0, trong do:

1
— max { sup {Huli(taxvy)”+"'

- N 1<i<n | 1>19,x,yeR?
+ llemi (2,,) || + R [|vi(t, x,¥) [ }} (14)

Tt (13) va cach dit w(r) & trén, ta c6 || x (s +10) —y (s +10)|| < l¢ — w|| < v o — y|| < w (s +1o), v6i moi
€ [—7,0]. Hay ||x(s) —y(s)|| < w(s) véimoi s € [—T +1g,o]. Ta cAn chiing minh ||x(¢) — y(z) (¢) v6i
moit > —7+1y. Dac biét, tai r — 19 ta c6 ||@(0) — w(0)|| = |lx(t0) — ¥ (t0)]| < w(to). Do tinh lién tuc clia cic
ham x(z) , y(t)va w(t) nén ton tai o > 0 da bé sao cho w(r) > ||x(t) —y(r)|| , véimoi t € [ty,t9 + T ). Tiép

theo, ta chting minh bt ding thic vita néu la dung v6i moi ¢ > 1,

(1) =yl <w(r), Vi =1 (15)

Dung phuong phap phén chiing, gié st ngugc lai ring ton tai s6 thuc ] > 1y sao cho ||x (1) —y (11)]| > w(t1).
batt, :=inf{t; >t :< ||x (1) —y(t1)]| > w(t1)} < oo. Khido, 1, > 19 va

() =y(@)I| 2 w(t), V1 € (1,1 + 6) (16)

v6i 6 > 0 du nho. Két hop véi céc diéu kién (4), (8), ta ching minh dugc ||x (t,) —y (t.)]| < w(t,). Diéu nay
mau thuln véi (16). Do do, (15) dugc thoa man. Véay hé (1) la e-co.

Khi u;(¢,x,y) = v(t,x,y) =0, v6imoiz € R,x,y € R",i € m thi ta c6 € = 0. Khi d6 hé (1) la co. Dinh i dugc
chiing minh.

Pinh li 2.5. Gid sii ton tai A; € RY" i € m,G(-) : R — R, va cdc ham bi chin

ui(-;-) :RxR"XR" - R i€ m,v(-,-,-) : RxR" X R" = R}, sao cho

[fi(t.x)— fi(t,y) | <Ai|x—y|+ui(t x,y), Viem, teRx,yeR"
|g(t,5,x)—g(t,5,y)| <G(s)|x—y|+v(,x,), tER,s€[—h,0] x,yeR"

Khi dé, néu p g LA + /%, G(s)ds ) < 1 thi hé (1) la &-co. Ngodi ra, khi u;(1,x,y) = v(t,x,y) = 0 véi moi
teRx,ye R i emthz hé (1) la co.

Dinh li 2.5 dugc dp dung truc tiép vao nghién ctu tinh chét €-co, co ctia hé phuong trinh sai phéin chiu nhiéu
& muc tiép theo.

Nhén xét 2.6. (i) Trudng hop ddc biét khi ddu “=" trong (4) xdy ra thi hé (1) trd thanh hé phuong trinh sai
phén ntia tuyén tinh duong, phu thudc thoi gian c6 dang

ZA x(t—h +/ G(t,s)x(t +s)ds

0
+H(z,x(tfhl),...,x(tfhm),/]x(t+s)ds) (17)

trong do6, H ( .,...,. ) 1a ham bi chan. Khi d6, suy ra truc tiép tii Pinh 1i 2.3, (17) la €-co néu mdt trong cac diéu
kién (i), (ii) va (111) cta Dinh i 2.3 dugc thoa man. Ngoai ra, khi ddu “=” trong (4) xdy ra va

ui(t,x,y) =v(t,x,y) =0,v6imoir € R,x,y € R" i € mthitac6 H (.,..... ) kéo theo € =0 vado dohé (17) la
co.

(ii) Trudng hop dic biét fi(r,x) = Aix+u;(t),t e R,x e R i e mva

g(t,s,x) =G(s)x, t€R, s¢€[—h,0],x<R" khido (1) trd thanh phuong trinh sai phn tuyén tinh khong
thuin nhat

i (i —h +/G x(t -+ 5)ds+u(t) (18)
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voiu(t) = uy(t)+ ...+ upm(t). Ta biét ring khi u(t) = 0 v6i moi ¢ € R thi (18) trd thanh hé phuong trinh sai

phén tuyén tinh thudn nhat
x(t—h +/ G(s t+s>ds (19)

Hé (19) la tuyén tinh va luén c6 nghiém khong, khi d6 tinh chét co va 6n dinh ma la trung nhau. Téc gia da

x(t) =

I\Ms

chira ring (19) 12 6n dinh mi néu ([4, Lemma 1]):

Z\IA [+h sup [IG(s)]| <1. (20)
i=1 s€[—h,0]

T (20) suyratontalsaochoZHA A" +h sup ||G(s)|A~" < 1. Khi d6,

i=1 s€[—h,0

m 0 m
Z|\A,-||)L—hf+/hnc(s)wdsg Y (Al A
i=1 - i=1

+h sup ||G(s)|[A7" < 1,91 e R.
s€[—h,0]
Do d6 (20) kéo theo (iv) ctia Binh li 2.3. Viy (iv) cia Dinh 1i 2.3 1a m¢t mé& rong ctia (20) cho phuong trinh
sai phan phi tuyén phu thudc thoi gian (1).
Nhan xét 2.7. Khi d4u “=" trong (4) xay ra va u;(¢,x,y) = v(t,x,y) =0, véimoit € R,x,y e R",i e mtacd
két qué ctia Dinh 1i 2.3 ddc biét hda trd vé két qua trong ( [, Theorem 3]) cho tinh &n dinh mii ctia hé phuong
trinh sai phan tuyén tinh phu thu¢c thaéi gian

x(t) = ZAi(f)X(t*h,‘)Jr ’ B(t,$)x(t + s)ds

—h
Sau déy la mét vi du don gidn nhdm minh hoa cho Pinh 1i 2.3.
Vi du 2.8. Xét phuong trinh sai phan phi tuyén phu thuéc théi gian trong R?
X(O=A x(=h))+fo(tx(t=)+ [0, 81,5 x(t-+5))ds.1=0, (21)
trong do, h 1a s6 thuc duong cho trudc x = (x| 7xg)T € R?, va cdc ham

f(s), 05 Ry xR R% g, ) : Ry x [—1,0] x R? — R? dugc xac dinh béi

1 2
g/ X5+ 1
f](t,X) = 128 2 2 I

X1 e’
11-212+6 e %2

1 .
X1 +asin(txy
foltx) = o0 Fesint) )
Ex2+2l
g(t,s,x) 1= (Y;FZZ)xl +sm(4t)

X1 sin (3 —xz) + mxz

v6ialahing s6,t € R,s € [—1,0]. Ta thdy ring cic ham f;(;-), f2(-;+) va g(-,-,-) la lién tuc trén mién xédc
dinh ctia ching. Hé (21) la hé phi tuyén va khong c6 diém cin bang 0 nén hoan toan khong thé ap dung cac
két qua trong ([°, Theorem 3]). Bang mot s6 bién déi so cdp, ta co

|1 (£.0)—fi1(2,y)| <A1 (1) |x—y| V1 €R x,yeR?
| 2(2.0) = fo(1,9) | <A (1) e—y | +u(t x,y) Vi €R x,yeR?
lg(,5,%) =g (t,5.)| <B(t,5)[x—y| V1 €R,s€[~1,0]x,yeR?

: 0 % & O o0
trong d6 A (1) := ) |, As(t) = o L] B(t,s) := 0 1 ,
*-212+6 8 16 16(12+1)

asin(txp) — asin(ry;)

o x = (x1,%)" .y = (y1,y2)" , 1a ham bi chan.

vau(t,x,y) :=
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Do d6, (4) dugc thoa man. Mit khac, ta cé

11

1L 1

= < 6 128 > vap(M)=—<1.
3 6 4

Ap dung Dinh i 2.3 (ii), ta suy ra (21) 12 €-co néu a # 0. Ngoai ra, néu a = 0 thi (21) 1 co.
TiNH CHAT £-CO CUA HE PHUONG TRINH SAI PHAN CHIU NHIEU

Gia st tt ca cdc gia thiét ctia Binh 1i 2.5 dugc thoa mén, khi d6 (1) 1a €-co. Cho cac ham f;(-,-),g(,-,-) trong
hé phuong trinh (1) nhiéu phi tuyén nhu sau:

fi(t,x) = fi(t,x) + f{ (t,x),t e R,x e R"

g(t,5.x)—g(t,s,x)+g* (1,5.x) tER,s€[—h,0] xeR"

trong d6, f*(;-) € C(RxR",R") (i € m),g*(".";33) € C(R x [—h,0] x R",R") la nhiing ham thay d&i c6
chtia cdc tham s6. Khi d6, (1) trd thanh hé phuong trinh sai phan phi tuyén chiu nhiéu c6 dang sau

3

x(1) = ) Ufi(e,x(t = ha)) + fi" (1, (£ = hi))] +

i=1

/_ (j lg(t,5,x(t+5)) + & (t,5,x(t +5))] ds. (22)

Trong muc nay, ta gia st rang ton tai D; € RZXI",E,- eRY™ A € erq" ,i€m,va
Dyt € R E, 1 € RT™ A, () €C ([—h,o],R’fq) sao cho

(H) 1ff (t,%) = fi7 (£,9)] < DiAEj|x -],
Vie R x,ye R iem.

(HZ) |g*(t7s7x) fg*(t,s,y)\
<Dy 1B () Emy1lx—l,
Vi €R,s € [-h,0],x,y € R".

Bai toan. Tim s6 duong ¥ sao cho hé chiu nhiéu (22) van duy tri tinh €-co mot khi do 16n ciia cdc nhiéu nhé hon
Y. S8 y duigc goi la bién co ctia hé (22).

Sau day la két qua mai vé bién cho tinh €-co ctia hé phuong trinh sai phan chju nhiéu (22).

Pinh li 3.1.Gid st (H;), (Hy) va cdc gid thiét ciia Dinh li 2.5 dugc théa man. Khi dé hé chiu nhiéu (22) van duy
tri tinh €-co néu

Y A+ A1 (5) | ds
1

m 1
maxi.je(l.z.---,m+l)HEi(Iu*):i:lAi*fth(S)df) Dl

< (23)
trong d6, Aj € R i e mva G(+) : [—h,0] — R dugc xdc dinh nhu trong Dinh i 2.5,

Dé chiing minh Pinh i 3.1 ta ¢6 st dung tinh chit sau diy ctia ma trin khong am.

B4& dé 3.2 ([6, Theorem 1.1]). Cho ma trén A € R*". Khi do,

(i) o(A) la mot gia tri riéng clia A va tén tai x € R’ ,x # 0 sao cho Ax = p(A)x.

(ii) (tI, —A)~! ton tai va khong am khi va chi khir > o(A).

Chiing minh Pinh 1i 3.1. V6i mdii € m, ta c6

|ﬁ(l7x)_ﬁ([7y)| SAi|x—y|,|g(l,s,x)—g(l,s,y)|
< G(S)|)C*y|,V[ € vavy € Rn7s € [7h70]
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vap (£, Ai+ [ Gls)ds) < 1. Do do,

|(fi(t,x)+ f7(.2)) = (filt.y) + f7(1,9))| < (Ai + DiAE;) |[x—y|, V1 € R,x,y € R,

|(g(lvsvx) +g* ([>svx)) - (g(t7s7y) +g*(lvsvy)| < (G(S) +Dm+1Am+l (S)Eerl) ‘x _yl’ v6i moi

t€R,x,y e R" s € [—h,0].

Theo Dinh 1i 2.5, (22) 13 €-co néu p (L1, (Ai+DiAiE) + [2,(G(5)+ D1 Ans1 (8)Em )ds) <1,

hay p (X, Ai+ [, G(s)ds+ Y1) DiAEi+Dui1 [%, Aws1 (5)dsEni1)<1.Chiing minh diéu nay bang phuong phap phan
chiing. Gia st ngudc lai rang:

Po:=p (L) Ait [, G(s)ds+ X DiEi+Dunsr [ Ania ()dSEp1 ) >1
Ta chting minh:
T2 1A+ S A1 () |1ds

> ! . (24)

> =
0
may; jef12,.., nH»l}' £;(In=5i) A=J0), G(5)ds ) DjH

Khi d6, (24) méu thuan véi gia thiét (23) da cho. Thét vay, theo BS dé 3.2 (i), ton tai xg € R}, xp # 0 sao cho:
(Zf":l Ai+f9/l G(s)ds+YiL DiNE+Dyy fgh Ai1(8)dSEpy )Xo
=poxo. (25)
. —1
Ap dung BS dé 3.2 (ii), (poln -y A f?h G(s)ds) ton tai va khong 4m. T (25) suy ra:

P (K A0 GsHEI ) DiAEA+Dy 1 [0 Ayt ()dsEpy ) <1

m 0 m 0
ZDiAfEixO +Dm+1 _[ Am+1 (s)dSEmHXO = pOIn - 2‘41' - J. G(S)ds xO'
=1 i=1

—h —h

1
m m 0

0 _
pOIn - Z ‘41' - J. G(S)dS ZQAiE;xO + DNH—I _[ Ar}r+1 (S)dSEnH]xO = xO’ (26)
i=1 =1

—-h —h

Goi g la chi s6 sao cho [|Ejyxo[| = maxje (12, i1} [|Eixol|- Khi d6 [|Ejyxo|| > 0. Nhan hai vé ctia (26) v6i E;,
ta co:

m 0 -1
Ej, | poln— Y Ai— / hG(s)ds
i=1 -

m 0
<Z DiAiEixg + Dy 1 / i Ap (s)dSEm+le)
i=1 -
= E,‘OXQ. (27)

L4y chudn hai v€ ctia (27), ta dugc:

m 0 -1
By ool - Y 4 [ G(s)as
i=1 -

m

0
DjAiEixo + D1 / i A1 (8)dsEp1%0
‘ _

=

> || Ejpxol| -

Suy ra

-1
i ‘ Ejy (Po’n - a-10, G(S)r/s) D;

[l ezl
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-1

m m -0
+ Z E;, (po],l — ;Ai — /7]1 G(S)ds)

i=1

0
Dm+1||/_h||Am+1(5)||ds|\Em+1xo|| > ||Eiyxol

Do d6,
m 0 -1
el Dt 1) b (Poln - i:ZiAi B hG(s)dS)
" 0
Dy X Il + | hnAmH(snds)
[ Em+1%0]| = || Eigxol|
hay

-1
mn 0
max E; (pol,, -Y Ai- / G(s)ds)
=1 Jh

ije{1,2,...m+1}
m -0

Dy { Llad+ [ Iani@lds | = 1. @8)
i=1 -

m 0
Mit khac, vipy > p (ZA,- +/ G(s)ds) > 1 nén theo B§ d€ 3.2 (ii) suy ra
i=1 —h

-1
(I,, - ;Ai — (/70/1 G(s)ds)

-1
>0va (pol,, - iiAi - /7 Oh G(s)ds) >0.
Do do, ta co
(h—x A [2,G(s)ds)
~ (ool X2 i % Gls)as)
= (po— 1) (b X A= [ Gls)as)
(Poln —Yr A% G(S)dS> - >0

-1

~1
m 0 mn 0
Suy ra <In — ZA,- - / G(s)ds) > (p()[n — ZA,- —/ G(s)ds) > 0. Khi do,
i=1 J—h i=1 —h

m 0 -1
E; In—ZA,-—/hG(s)ds D;
i=1 -

—1
m 0
> E; <p01n—ZAl‘—/ G(s)ds) Dj,Vi,ij-i-l
i=1 —h

Suy ra
-1

m 0
E; (In;A,-/_hG(s)ds) D;

-1
m 0

> ||Ei (pOInZAi/hG(S)dS> D;
i=1 -

>0Vi,jem+1. (29)
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T (28)-(29) suy ra

n 0
YA+ [ 1na(s)lds
i=1 J—h

1
>
= —1

m 0
max E; I, — A«—/ G(s)ds D
i, JE[2, . mtnt+1) Poin l; L (s) j

hay

1 0
Y8+ [ 1amer(s)lds
i=1 J—h

1
>
= —1

m 0
max El1 - AA_/ Gis\ds| D,
ijemintt| A" ,:Zi L (s) j

Diéu nay méu thuan véi (23). Vay p (T, Ait /2, G(s)ds+LIiL ) DiAEi+Dui1 [ A1 ()dsEni1)<1. Khi d6, theo Pinh 1i

i=1

2.5, (22) 1a e-co. Pinh li 3.1 dugc chling minh.

LOI CAM ON

Nghién ctiu dugc tai trg bdi Truong Pai hoc Cong nghé Thong tin, Pai hoc Qudc gia Thanh phé H6 Chi
Minh (PHQG-HCM) trong khudn khé Dé tai ma s¢ D1-2018-01.

XUNG POT LO1iCH

Nhom tdc gia xin cam két khong xung dot va mau thudn vé 1¢i ich 4n phdm khoa hoc.

PONG GOP CUA CAC TACGIA
Péy la 4n phdm khoa hoc ma céc téc gid c6 déng gép nhu nhau.

TAILIEU THAM KHAO

1. Niculescu SI. Delay effects on stability: A robust control approach. In: Lecture Notes in Control and Information Sciences. vol. 269.
London, UK: Springer; 2001. Lecture Notes in Control and Information Sciences.

2. Melchor-Aguilar D. Exponential stability of some linear continuous time difference systems. Systems & Control Letters.
2012;61(1):62-68.

3. Melchor-Aguilar D. Further results on exponential stability of linear continuous time difference systems. Applied Mathematics and
Computation. 2013;219:10025-10032.

4. Melchor-Aguilar D. Exponential stability of linear continuous time difference systems with multiple delays. Systems & Control
Letters. 2013;62:811-818.

5. Ngoc PHA, Hieu LT. New criteria for exponential stability of nonlinear difference systems with time-varying delay. International
Journal of Control. 2013;86(9):1646-1651.

6. Ngoc PHA, Huy ND. Exponential stability of linear delay difference equations with continuous time. Vietnam Journal of
Mathematics. 2014;43(2):195-205.

7. Ngoc PHA, Hieu T, Hieu LT, Huy ND. On contraction of nonlinear difference systems with time-varying delays. Mathematische
Nachrichten. 2018;.

8. Lohmiller W, Slotine JJE. On contraction analysis for nonlinear systems. Automatica. 1998;34:683-696.

9. Aminzare Z, Sontag ED. Contraction methods for nonlinear systems: A brief introduction and some open problems. Proceedings of
53rd |IEEE Conference on Decision and Control. 2015;p. 3835-3847.

10. Ngoc PHA, Hiéu T. On contraction of functional differential equations. SIAM Journal on Control and Optimization.

2018;56(3):2377-2397.

223



Science & Technology Development Journal - Natural Sciences, 3(3):213-224
@ Open Access Full Text Article Research Article

New sufficient criteria for epsilon-contraction of a class of
nonlinear diference system with continuous time
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ABSTRACT

Contraction property of dynamical systems, especially difference systems, is one of the qualitative
properties which have attracted much attention from many researchers for recent decades. Con-
Use your smartphone to scan this traction of dynamical systems has many practical applications which means that two trajectories
QR code and download this article of the system convergence to each other when the time reaches to positive infinity. In this pa-
per, by improving some existing approaches, we present a new approach to contraction problem
of a class of nonlinear time-varying delay difference system with continuous time. We generalize
the definition of contraction to -contraction. Then, we give some new explicit sufficient criteria for -
contraction and global exponential stability of the mentioned system. Furthermore, we investigate-
contraction of perturbed difference systems with continuous time under nonlinear perturbations in
which perturbations are general time-varying functions. Then we obtain a new explicit-contraction
bound for such systems subject to nonlinear time-varying perturbations. The obtained theorems
generalize some existing results in the literature as particular cases. An example is given to illustrate
the obtained results.
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