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ABSTRACT

In the present paper, we consider a backward
problem for a space-fractional diffusion equation
(SFDE) with a time-dependent coefficient. Such the
problem is obtained from the classical diffusion
equation by replacing the second-order spatial
derivative with the Riesz-Feller derivative of order

a <(0,2]. This problem is ill-posed, i.e., the solution
(if it exists) does not depend continuously on the data.
Therefore, we propose one new regularization solution
to solve it. Then, the convergence estimate is obtained
under a priori bound assumptions for exact solution.

Key words: space-fractional backward diffusion problem, Ill-posed problem, Regularization, error

estimate, time-dependent coefficient

INTRODUCTION

The fractional differential equations appear more
and more frequently in physical, chemical, biology and
engineering  applications.  Nowadays, fractional
diffusion equation plays important roles in modeling
anomalous diffusion and subdiffusion systems [2],
description of fractional random walk, unification of
diffusion [3], and wave propagation phenomenon [4]. It
is well known that the SFDE is obtained from the
classical diffusion equation in which the second-order
space derivative is replaced with a space-fractional
partial derivative.

Let 9:[0,T]—>R Iis a continuous function on
[0,T] satisfying &(t)>0. In this paper, we consider a

backward problem for the following nonlinear SFDE
with a time-dependent coefficient

U (X, t) = 9(t) | D: +F(x,t,u(x,1)),(x,t) e Rx(0,T),

U(X, )]y =0,t € (0,T),
u(x,T) =G(x),x e R,

()
where the fractional spatial derivative XD;‘ is the
Riesz-Feller ~ fractional  derivative  of  order
a(0< a<2) and skewness

0 (6 |£min{e,2—a}, 0=+ defined in [5], as
follows:
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Dt ()= rl+a) {Sin (a +2¢9)7IT f(x +sslza
DEF(X) = dzdeEX),a: .

— () ds +sin (a—ZH)ﬂT fx=s)-1(x) ds},0<a<2,

lta
S

Here, we wish to determine the temperature u(x,t)from temperature measurements Gg(x). Since the
measurements usually contain an error, we now could assume that the measured data function G¥(x) satisfies

||G -G* e < &, where the constant £ > 0 represents the noise level. Moreover, assume there hold the following a
priori bound
”U("O)”f(\;) <E,E>es. 2

We assume that F satisfies the Lipschitz condition

[Foot ) = FOt 2,) 2 oy < Kl = 2ol 2y )
for some constant Ke independent of Xx,t,z,,z, with

1
Kg e 0,? : (4)

In case of the source function F =0 and $(t) =1,
Problem (1) has been proposed by some authors. Zheng
and Wei [7] used two methods, the spectral
regularization and modified equation methods, to solve
this problem. In [6], they developed an optimal
modified method to solve this problem by an a priori
and an a posteriori strategy. In 2014, Zhao et al [8]
applied a simplified Tikhonov regularization method to
deal with this problem. After then, a new regularization
method of iteration type for solving this problem has
been introduced by Cheng et al [1]. Although we have
many works on the linear homogeneous case of the
backward problem, the nonlinear case of the problem is
quite scarce. For the nonlinear problem, the solution U
is complicated and defined by an integral equation such
that the right hand side depends on U. This leads to
studying nonlinear problem is very difficult, so in this
paper we develop a new appropriate technique.

The remainder of this paper is organized as
follows. In Section 2, we propose the regularizing
scheme for Problem (1). Then, in Section 3, we show
that the regularizing scheme of Problem (1) is well-
posed. Finally, the convergence estimate is given in
Section 4.

REGULARIZATION FOR PROBLEM (1)

Let é(a)) denote the Fourier transform of the
integrable function G(x), which defined by

+00
Gw) = ] exp(oixa)G(x)dx, i =1
\2r 0
In terms of the Fourier transform, we have the
following properties for the Riesz-Feller space-
fractional derivative [5]

D! (G)(@) = " ()G (),
where

0 a Or .. . =0
v, (o) = o] [cos(?jﬂﬂgn(a))sm(?ﬂ. (5)
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We define the function k(t) by k(t) = I%ds
s (s

By taking a Fourier transform to Problem (1), we transform Problem (1) into the following differential equation
u (m,t) = —S(t)y/: (o)u(w,t) + F(o,t,u(w, 1)),

R n (6)
U(o, T) = G(w).

The solution to equation (6) is given by
i(,t) = exp(y! (@)(k(T) k() [S () - [ exp (! (@)(() ~k(T))F(@,5,u(@, 9)as]. ()
From (7), applying the inverse Fourier transform, we get 1

U(xt) = —— i exp(y” (@)(k(T) = k() [E(o) - T exp(i” (@)(K(s) —k(T))) F (e, 5, u(e2, 5))ds | exp(ixw)d .
N
T _, t

®)

From which when |w| becomes large, the terms therefore recovering the scalar (temperature, pollution)

|exp(y/:(a))(k(T)—k(t)))| increases rather quickly: u(x,t) from the measured data G°(x) is severely ill-

small errors in high-frequency components can blow up posed. In this note, we regularize Problem (1) by the
and completely destroy the solution for 0<t<T, problem

exp (! (@)(K(T) - k(1)) » j exp (. (@)(k(s) —k(1)))

or G (@)= Or
1+,Bexp[| wl|” cos(zjk(T)j ' l+ﬁexp(| ol cos[zjk(T)j

9
ﬁexp(la)la Cos[gﬂ-)k(T)j ©)
.‘[ 2

> exp((k(s) ~ k(D! (@) ) F (@, 5,U (o, 5))ds,
N T
°1+,Bexp(|a)| COS(ij(T)j

where £ is regularization parameter.

U, (o,t)=

F(®,5,U;(w,5))ds

+

THE WELL POSEDNESS OF PROBLEM (9)

First, we consider the following Lemma which is used in the proof of the main results.
Lemma 1. Let t,s [0, T].
1) If S=>t, then we have
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exp(l//f (w)(k(s) - k(t))) K()-k(s)

a) ” < ,BT.
1+,Bexp(| ol cos(%)k(T))

exp(y! (@)(K(T) k(1)) sﬁ%.
1+ pexp(| o cos(”;)k(T))

b)

2) If s <t, then we have

ﬁexp(c,y;’ (@)(k(s) —k(t) + k(T)))‘ < ﬂkak)(;k)(s)

7
1+ ﬁexp(l ol cos(?ﬁ)k(T))
Proof. First, we prove (). In fact, we have

()
exp(j o cos(%)(k(s) —k(t) —k(T)))

c)

exp(y’ (@)(k(s) — k(1))

0 B 0
1+ gexp(o " cos(ﬂz)k(T))‘ p+exp(—| o cos(%)k(T))

()
exp(j o[ cos(%)(k(s) —k(t) = k(T)))

k(s)—k(t) k(T)-k(s)+k(t)

« [p+exp(=| 0 COS(%e)k(T))] o

[+exp(=1 o0 cos(%e)k(T))]

k(t)-k(s)
< 1 <p o
- K(s)-k(t) — b

[ﬂ +exp(— o cos(”ze)k(T))] H

As an immediate consequence of (a), making the change s =T, we have (b).
Next, we prove (c). In fact from (b), we obtain

expy g (@)(K(TM) = (kM —kE©N)| _ 5
1+ Bexp( w|” cos(%g)k(T))
it follows that
peay @KkE -k +kM)| s

760
1+ pexp(| o cos(?)k(T))

This completes the proof. o

We are now in a position to prove the following theorem.
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1
Theorem 1. Suppose m e (O’F_l} Let G € L*(R) and F satisfies (3) then Problem (9) is well-posed.

.
Proof. We divide it into two steps.

Stepl. The existence and the uniqueness of a solution of Problem (9).
Let us define the norm on C([0; T]; L’ (IR)) as follows

—K(t)

| hil,=sup 271l he)l ooy Torall he (O T]; L (R)).

It is easily be seen that | 4l isa normioif C([0;T]; L’ (R)) .
For v e C([0;T]; L*(R)) , we consider the following function
1 i “(w)(k(s) —k(t
A(v)(x,t):—J_ B(x,t)—\/_“' exp (v (@)(k(s) m9( ))
27 27 L\ l+ﬂexp(| ol cos(7)k(T))

F(®,s,V)exp(iox)dsdw

L o pe(lor cos(7)km)

\/;—:x: 0 1+ﬂexp(| 1) |a COS(%H)I((T))

+ exp((k(s) — k()" (@) F (e, 5,v) exp(icox)dsd o,

where

B(x,t) = f eXF’(‘//Z (@)(k(T) - k(t)))

=1+ ,Bexp(| | cos(”zg)k(T))

v, € C([0;T]; L' (R))

G’ (w) exp(iox)d .

We claim that, for every v

| A(V,) — AW I, < K TI v, —v,Il . (10)
First, by Lemma 1 and (3), we have two following estimates for all t € [0, T]

2

-il7 exp(y! (@)(k(s) ~ k(1))
“| 1+ pexp(l o COS(%Q)“(T))

(F(@,5v)-F(o,5,v,))ds | de
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o] exp(w! (@)(k(s) — k(1))

— |F(@,5,v,) ~ F(a,5,v,)| dsdw
et 1+ﬂexp(| ol cos(7)k(T))

o T 2(K(1)-K(s)) 2k (t) T —2k(s)
<T-0[[p O |F@sv)-Fosv)] ddo< g VKT -0] V1 v,(,9)-v,(,s) % ds
2k (1) —2k(s) 2k (1)
<BKOKIT -0 sup BTN v (,8) =V, (,9)l izms BEOKIT =) v, —v,Il 2
0<s<T
(11)

and
9 2
40| ﬁexp(| ol cos(”—)k(T ))
3, = 2 exp((k(s) — kO’ (@) (F(@,5,v,)~F(o,5,v,))ds | do
—o| 0 1+,Bexp(| ol cos(%e)k(T))

2

ot ﬁexp(| | cos(ig)k(T ))
<tff 2 exp((k(s) ~ k(W (@)| |F(@,5,v,) = F(@,5,v,)|" dsdw

=014 ﬁexp(| | cos(ig)k(T))
2

too t 2(k(t)—k(s)) 2k (t) t —2k(s)

. . 12
<t[[p O |Flosv)-F(osy,)| ddo< g K[ N v,(,5)-v,(9)l 2., ds (12)
—o 0 0
2k (t) —2k(s) 2k (t)
< p*® K;t2 sup BTN v, (., 8) =V, (., sl ZLZ(:‘)S LD K;tZII v, —v,ll s .

0<s<T

1
For 0 <t <T, using the inequality (a+b)* <(+m)a’ +(1+—)b2 for all real numbers a and b and m >0, we
m

obtain
2k 2k
||A(vl)(~,t)—A(vz)(-,t)||i2(%) <@Q+m)B UK v, v Il 2 +(1+E)/5’”T)K§(T—t)zll v, -V, Il2.

T-t
By choosing m = T we have

—2k(t)

BN ANV ) — AV I ;ms KIT?I v, —v,Il ;, forall t  (O,T). (13)
On the other hand, letting t =0 in (11), we have
I A(V,)(-, 0) — A(v,) (-, O)I EWF KET? v, —v, Il ] (14)
By letting t =T in (12), we have
B AV)GT) = AW, ;ms KIT? v, —v, Il 2. (15)

Combining (13), (14) and (15), we obtain
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—2k(t)

BTN AV = AW)GON < KTy, —v,ll g, forall t €[0,T]
which leads to (10). Since K_T <1, A is a contraction. It follows that the equation A(v) =v has a unique solution
U; eC(0; T L (R)) .
Step 2. The solution of Problem (9) continuously depends on the data.
Let V,W, be two solutions of Problem (9) corresponding to the final values G, and G, . By straightforward

computation, we write

exp(y’ (@)(K(T) ~ k(1)) (G, (@) -G, (@)

W, (@,t) -V, (@,1)| < -
1+ pexp(| o cos(%)k(l’))

. f exp(i” (@)(k(s) k(1))

2R @V, (@5) - Flos W, (@) ]os
TT
t 1+ﬂexp(| ol COS(?)k(T))

0
. pexp( ol cos”IK(T) A A
+ I - exp((k(s) - k(t))l//j () [F (e, S,Wﬂ”(a), s)) - F(w, S,V; (w,))]ds|.
o1+ Bexp(o]|” cos(?)k(T )

Now applying Lemma 1, we get
KO-k () T KOs

W (0,t) -V, (@) < B " ‘Gw(w)—ev(w)‘+jﬁ ‘OB (@,5,Y, (@,5)) - F (0,5, W, (@,5)|ds

¢ k(t)-k(s)

+J'IB K(T) ||f(a),s,Vﬂ”(w,S))—'f(vavW;(w*S))|dS

k(t)-k(T) T kM®)-k()

<p K(T) ‘Gw(a})_GV(w)‘+Iﬂ K(T) ||f(a)7s,v;(a)7s))—ﬁ(a),S,W;(a),S))|dS.

. 1 . .
Since m e (0,7—1), we have that 0 < K_ < . From the inequality
KT

1
T\/1+m
(a+b)’ s(1+ija2 + 1+ m)b® (16)
m

for all real number a,b and m >0, we get

w; .o-v; ol = eo-v; o

) 2
L (R) 2 (R
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1 2k (t)-2k(T) ) o f T k()-k(s) 2
<|1+= koG -G 1 SR V° ~F W* ds | d
<[1+—|pB W — G, + (L+m) yij (@,5,V, (@,5)) - F(@,5,W, (@,9))|ds | do

—0 0

m L (R)

1 2k (t)-2k(T) , T 2k(D)-2k(s)

- K(T) _ 2 K(T) Sy _\/ ¢, 2

g(l+mjﬂ HGW G, LZ(R)+(1+m)KFT.O[ﬁ w69 -V 69 ds
This leads to
2k , T2k
B WOV < 142 pile, -G +(1+m)K2TIﬂk(T’ WS Gs) -V (9)|.  ds.(17)
s A e Ry T m W Ve ) F A EA N E
0

-2k (t)

Set Z(t) =" " N W, (1) =V, (I ;{),Vt e[0,T].Since W,V e C([0, T]; L’ (R)), we see that the function Z is

continuous on [0, T]and attains over there its maximum M at somet, [0, T].Let M = max Z(t). From (17), we
te[0,T]

( 1) ’
M<|1+— |B
m

obtain

2

GW _Gv

+ 1L+ mKT*M,
)

(R
or equivalently

2

1-Q1 KT? (M <|1 1)
[1-@emKiT M <| 10— 576, -G |
This implies that for all t [0,T]
1 5 2
—2k(t) (l+)ﬂ GW_GV ;
k(T & - 2 m L (R)
LKW -V, <M< — .
W, SR 1-(L+m)KT
Thus, we obtain
1+— K(1)=k(T)
&£ & m T
W, o=V 6o, <Al 16, =G, |, vt e[0T (18)

1- L+ m)KIT?

This completes the proof of Step 2 and also the proof of the theorem.
O

CONVERGENCE ESTIMATE

Now we are ready to state the main result

1
Theorem 2. Let m e[o, p—
KT

E

—1). Suppose that Problem (1) has a unique solution u e C([0, T]; L*(R)) satisfying

&
||u(-, 0)||Lzm < E with E > ¢ and the regularization parameter S = E then we have the estimate
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1
1+— oo ko

Loz —— g o,
v 1-(1+m)K’T

(CHE R

Proof. Assuming that u; is a solution of Problem (9) corresponding to the final values G, we shall estimate

||u(«,t) —u; (~,t)||L2(€) . First we have

i(o.t) = exp(y! (@)(k(T) k() (é(a» ~[exp(! (@)(k(s) ~k(T)) F (@, 5. u(, s))dsj

exp(y” (@)(k(T) - k(1)) (

G() - [exp(y (@)(K(s) - k(T))F (@,5.u(e, s))ds}
" 70
1+ ﬂexp(| o | cos(?)k(T))

t

(19)
pexp(y” (@)(kT) - k) expl o cos(Z2)k(T)) o
+ ; 2 (G(a)) - [exp(y! (@)(k(s) - k(T))F (@,5.u(e, s))dsj.
1+ﬁexp(| ol cos(%)k(T))

On the other hand, we get
(e, T) = G(@) = exp(—k(T)y’ () (l](a), 0)+ [exp(k(8)y! () F (@, 5, u(v, s))dsj.

This implies that

t

G(@) - [exp (! (@)(k(s) ~k(T))F (@, 5, u(w, 5))ds

(20)
= exp(—k(T)y’ () )i(@,0) + jexp((k(s) — KMy (@))F (@, s, u(@,s))ds,
Combining (19) and (20), we obtain 0
I (ARICUR I;(t))) [é(w) Jexp(i @) ~KT)E 05, u(o S))dsj
1+ ﬂexp(| ol cos(%)k(T)) t
pexp(—k )y’ (@) exp(| o | cos(”j)k(T)) A
+ ) — U(w,0)
1+ﬁexp(| | cos(?)k(r))
,Bexp(l ol cos(ﬂ—g)k(l')) ¢ .
+ 2 . [exp((k($) ~kOW! (@) F (@,5,u(@,5))ds.
1+ﬂexp(| ol cos(%)k(T )) 0
(21)
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It follows from (9) and (21) that G(w,t) —u;(e,t) =B, +B, +B,,

where
B, = ] exp(y (@K(E) - ';(t))) [F (.50 (@,5) - F(@,5,u(e,5)]ds,
t 1+ﬂexp(| ol cos(%)k(T))
pexp(—k(O)p’ () exp(| o |" cos(ﬂ—g)k(T))
B, = 2 (@, 0),

1+ pexp(| o |° cos(”;)k(T))

ﬂexp(l ol cos(”—;)k(T)) ¢ R R
B, = - [exp((k(s) - kW (@) [F(@,5,u(@,5)) - F(@,5,u; (w,5)]ds.
1+,Bexp(| ol 005(7)k(T)) 0

This leads to
‘lﬁ(a),t) —u,(o,t)

<IB[+|B,|+]B,]

T k(D)-k(s) k(t) ¢ k()-K(s)

<[p 0 [F@5.u@,9) - F@su(@9)ds+47 [060) [+ 8 7 |F@.5.u(.5)~F @50 (o,5)|ds

K(t) T k(t)-k(s)

Sﬂgm(.,o)“'[ﬂ k(™) ||f(a),s,u(a),s))—If(a),s,u;(w,s))|d5-

(22)
Using this and (16), we conclude that

Jut.0-u; o[, = Jacn-u e

2
U (R)

2K (1) (T K)-K(s) 2
1 iy TN N )
£(1+—jﬂk(”ll u(, o)l ;(_)+(1+m)j(jﬂ k) |F(a),s,u(a),s))—F(w,s,u;(a),s))|dsj do
m

R
0

-0

1 2Kk (1) 2k(t) T —2k(s) ,
S(l+—jﬁk”)ll u:, o)l me + 1+ m)KﬁTﬂ“”jﬂ“” |u(-,s)—u;(-,s) ds,
m ) 0

)

and thus

—2k(t)

ﬂ k(T)

—2k(s)

1 T
s(1+—)ll GOl %+ @rm)KIT B
m L (R) )

2
2

uC. ) —u’ 1)

|u(~, s)—u,(,s)

2
. ds.
L (R) L' (R)
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Since u,u; e C([0, TT; L* (R)), the function ||u(-,t)—u;(~,t)||ﬁ“\) is continuous on [0,T]. Therefore, there exists a
—2k(t)

.y _ k(T)
positive N =max ., 2

Ju¢ )= u; ()], - This implies that
1 2 22
N<{1+— [l u¢,ol", +(@A+m)K.T'N,
m L (R)

1 2
~2k(t) (l+j|| U(~,O)|| 2Ry

T & 2 m
5 |u(.,t)—uﬂ(.,t)”ﬁ(€) <N< —
1- 1+ m)KT

that is,

Hence, we obtain the error estimate

1+— k.
<E m k()

b - @ m)KET?

(TCHETHES!

On the other hand, using estimate (18), we get

1+ — k(DK (T) 1+ — k(D)-k(T)
< m K(T) ”Gx _ < m K(T)
LE N 1- 1+ m)KIT? LE N 1- 1+ m)KIT?
From the triangle inequality and these estimates, we obtain

Juseo-ueol, <uien-uen). +uen-uey

E.

us (1) = U2 (1)

+
¢ (R)

L (®) L’ (R)

1+— K(H)-k(T) 1+— 10}

mzzﬂk(T)g+E mzzk(T)-
1-(1+m)K’T 1-(1+m)K’T

IA

&
With S = E then we have the estimate

1+— k© k@
. <2 m — KM E k(M)
e 1-@+m)KT

(S ETERS!

This completes the proof.

Remark 1. If $(t) =1and F(x,t,u) =0 then Problem (1) becomes a homogeneous problem. The error estimate in
t

Theorem 2 is of order S7. It is similar to the homogeneous case in [1, 6, 8].

CONCLUSION

In this paper, we use the new regularization  coefficient. The convergence result has been obtained
solution to slove a Riesz-Feller space-fractional  ynder a priori bound assumptions for the exact solution
backward diffusion problem with a time-dependent and the suitable choices of the regularization parameter.
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Chinh hoa cho bai toan khuéch tan nguoc cap
phan so khong gian Riesz-Feller voi he so6 phu

thudc thot gian

e DPinh Nguyén Duy Hai
Trudng Pai hoc Khoa hoc Tu nhién, PHQG-HCM
Truong Pai hoc Giao théng Van tai Tp Ho Chi Minh

TOM TAT

Trong bai bdo ndy, ching toi xét mot bdi todn
nguwoc cho phwong trinh khuéch tan cdp phan sé khong
gian véi hé s6 phu thudc thoi gian. Bdi todn nady c6
dwge tir phirong trinh khuéch tan cé dién bang cdch
thay dao ham bdc hai bién khéng gian bang dao ham
Riesz-Feller véi o 6(0,2]. Ddy la bai toan khong

chinh, nghia la nghiém (néu ton tai) khéng phu thujc
lién tuc vao dir lieu. Vi vay, chung toi dwa ra mot
nghiém chinh héa méi dé giai bai todn nay. Sau doé,
woc lwong hoi tu thu dwoc dwoi mot gia dinh bi chan
tién nghiém cho nghiém chinh xdc.

Tir khéa: bai todn khuéch tan nguoc cdp phdn sé khong gian, bai todn khéng chinh, chinh héa, wéc lwong

16i, hé 56 phu thudc thoi gian
TAI LIEU THAM KHAO

[1]. H. Cheng, C.L. Fu, G.H. Zheng, J. Gao, A
regularization for a Riesz-Feller space-fractional
backward diffusion problem, Inverse Probl. Sci.
Eng., 22, 860-872 (2014).

[2]. O.P. Agrawal, Solution for a fractional diffusion-
wave equation defined in a bounded domain,
Nonlinear Dynamics, 29, 145-155 (2002).

[3]. R. Metzler, J. Klafter, The random walk’s guide to
anomalous diffusion: a fractional dynamics
approach, Physical Reports, 339, 1-77 (2000).

[4]. WR. Schneider, W. Wyss, Fractional diffusion and
wave equations, Journal of Mathematical Physics,
30, 134— 144 (1989).

[5]. F. Mainardi, Y. Luchko, G. Pagnini, The
fundamental solution of the space-time fractional

diffusion equation, Fract. Cacl. Appl. Anal., 4, 153—
192 (2001).

[6]. Z.Q. Zhang, T. Wei, An optimal regularization

method for space-fractional backward diffusion
problem, Math. Comput. Simulation, 92, 14-27
(2013).

[7]. G.H. Zheng, T. Wei, Two regularization methods

for solving a Riesz-Feller space-fractional backward
diffusion problem, Inverse Problems, 26, 115017
(2010).

[8]. J. Zhao, S. Liu, T. Liu, An inverse problem for

space-fractional backward diffusion problem, Math.
Methods Appl. Sci., 37, 1147—- 1158 (2014).

Trang 183



