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TOM TAT

Trudc tién, ching toi thiét 1ap cac bat dang thic lién quan dén chan trén cho xéac sudt clia téng
mot s& luong ngau nhién cac bién ngdu nhién thda man nhiing diéu kién nhat dinh. Cu thé hon, &
Binh i 1, cac bién nay dugc gia dinh phai nhan gia tri trén mét khodng bi chan va dac biét la chidng
dugc dat dudi gia thiét m phu thudc thay vi doc lap theo thudng 16, trong dé doc lap chila trudng
hop riéng clia m phu thudc khi m bang 0. DSi vai mét sé chi s6 co phan phdi quen thudc, cd thé
ti€p tuc thuc hién nhimg uéc tinh hgp Ii cho sé hang ki vong & vé phai clia hai bat déng thic trong
Binh If 1 dé nhan dugc cac chan kiéu Chernoff-Hoeffding. V&i mbi trudng hop dap Ung nhu thé
cla bién ngau nhién chi sé, cac chan do sé dugc st dung vao viéc chimg minh rang cé luat yéu s
I6n trén day bién ngau nhién m phu thudc tuong tng va téc dé hoi tu la ma. Tiép theo, & Dinh |i
2, chi s6 c6 phan phéi Poisson dugc chon lam dién hinh dé trinh bay. Cudi cung, dinh Ii nay dugc
minh hoa thong qua mét hinh anh xay dung tu nhiing gia tri mé phong danh cho mét day 1 phu
thuoce. G day, cach thiic tao ra day 1 phu thudc ti mot day doc lap da thuc hién sé phan nao gidp
doc gia hiéu rd hon vé cau trdc m phu thude.

Tu khoa: uat yéu s6 16n, tdng ngdu nhién cac bién ngdu nhién, m phu thudc, bat dang thic
Chernoff-Hoeffding

GIGI THIEU

Cho Y},Y,,... la cac bién ngau nhién doc l4p va déng nhit phan phéi véi bién ngdu nhién c6 gid tri nguyén
khong 4m Y. Cho X1, X>, ...
trén khoang dong [0,1], doc lap v6i cac bién ngiu nhién 1,15, .. ..
day:

Nn:Z? 1Y, Sh, —Z 1 X VaXN = ,;151\/".

KhiN, =0, qu1 udc So = Xo = 0. Dinh li 1 6 Phén két qua sé chi ra mét chan trén cho xac suit P(Sy, > Nyx)
dugc gia dinh 13 m phu thudc va x 13 mét s6 thuc thich hgp (xem

la cdc bién ngau nhién dong nhét phan phdi véi bién ngdu nhién X nhén gia tri
Noi dung bai viét xoay quanh cac téng sau

ma trong do6 cic bién ngdu nhién X;,X>, ...
B6 d€ 1, Pinhli1).
Dinh nghia 1 (m phu thuéc). Cho m 1a mét s6 nguyén khong 4m. Cac bién ngau nhién X, X5, ...
m phu thudc néu v6i moi s6 nguyén duong n, cdc tip bién ngdu nhién {X;,X,,...,X,} va
{Xpimit; Xntma2,---} doclapl.
Tii cong trinh ctia Hoeffding? nhiing gi cin thiét & ching minh Dinh Ii 1, két qua then chét ctia bai viét nay,
dugc tém tat lai trong BS dé 1 dudi day.

—x )

— "L :

Véi p € (0,1), dinh nghia ham I, : [0, 1] — [0,
X 1
Iy(x) =xlog| = | +(1—x)log
u 1
B3 d€1. Néu X1,X3,...,X, la cdc bién ngdu nhién m phu thudc va déng nhit phan phdi véi bién ngiu nhién
X nhan gid tri trén khoang [0,1] va EX = p € (0,1), thi

P <rlljflxj > x) <exp (— {miﬂ} Iy (x))
(’112 <x><exp< { il}lﬂ(x))

Trich dan bai bao nay: Hung T L, Nhuyt N T. Luat yéu sé I6n véi day dugc danh sé ngdu nhién cta cac
bién ngau nhién m phu thuéc. Sci. Tech. Dev. J. - Nat. Sci.; 3(4):294-298.

dugc goi la

oo| b&i cong thic

véimoix € [u,1),va
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v6i moix € (0, u].
Trong cong thiic trén, |

n
m+1

theo cdch thitc ma Hoeftding da chting minh dinh li d4u tién va mot thao ludn m& rong cho tng cac bién m

] 1a 56 nguyén 16n nhét nho hon hay bing " . C6 thé chiing minh b6 dé nay

phu thudc trong bai bio clia dng &y . Mot chin trén giam vé 0 theo t6¢c d6 ham ma d6i véi mot xac sudt co

dang nhu trong B3 dé 1 thudng goi 1a chin Chernoff-Hoeffding (xem >?).

T phén Luét s6 16n vé sau bai viét sé xét nhiing truong hop cu thé ctia cac gia thiét, bat dau véi Y ¢ phéan
phdi Poisson, Dinh 1i 2 14 mét dang luét yéu s6 16n dugc xac dinh dya trén viéc dp dung Hé qua 1 & Phan két
qua. Sau d6, trong Phén két luan, X dugc 1dy 1a trung binh cdng ctia hai bién ngiu nhién doc lap c6 cung phan
phdi déu trén [a,b] d€ cung cdp chit liéu cho mé phong & Hinh 1, d4y 1a mét thi du cho két qua ma Pinh 1i 2
xdc dinh. Hon nita, nhiing thdo ludn trong phin nay goi y ring c6 thé thay gia thiét X nhén gid tri trén
khoang [0,1] thanh m¢t khoang bat ki [a,b], ma trong d6 4, b hitu han.
KET QUA
V6i nhiing gi da thiét 14p 6 Phén gidi thiéu, dinh li sau day la két qua chinh.
Pinhli 1. Véi moix € [u,1),
P(Sn, >xN,,)§Eexp(7[(m+l)’]Nn]lu(x)): 1)

v6i moi x € (0, u],

P(Sy, <xNu) <Eexp (= [(m+1)""Ny| 1. (x)). (2)
Chitng minh. Chi cin chting minh b4t déng thuc (1), bit ding thuc (2) dugc chling minh tuong tu.
Trudc tién, ap dung luét xac suat toan phan va gia thiét N,, doc 1ap véi cac X; d€ cd

P (S, >xNu) = X5 o P(Nn = k)P (S, > kx|Ny = k)
SP(Ny=0)+ X7 P(Ny =k)P (S > kx)

Sau d6, theo B6 dé 1,

P(S, > kx) < exp (— { k ] 1”(X)>

m+1
nén thu dugc danh gid tiép theo nhu sau:
P(Sy, > xNy) < X2 P (N, = k)exp <f [m%l} I (x))
= Eexp (— {myﬁ ] Iy (x)) .

Chting minh xong.

Trong mot s6 trudng hop nhét dinh, st dung hé qua bén dudi sé tién loi hon dé chi ra Xy, hoi tu theo x4c sudt
vé U v6i téc dd mi, ma Pinh 1i 2 & Phan Luat s6 16n 1a mot truong hgp nhu thé.

Heé qua 1. Vi moi s6 duong € < min(u,1—p),

N,
P(|Sy, — N,| > €Ny,) < 2Eexp <72 {m—: J 82) .

Chitng minh. Trudc tién, c6 bit ding thic

P (|sn, — UNy| > €Ny)
< P(SNn > (” +8)Nn) +P(SNn < (“ —€)Na).

Theo Dinh 1i 1,

P(sy, > G-+ emn) < Bexp (- |22 [ rue)).

va

P(sk, < (u e < Bexp (~ | 2 1u—e)).

m+

Cusdi cting, vi I, (x) > 2(x — )2 v6i moi x € (0, 1), nén hé qua dugc chiing minh.
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Tuy phéin nay chi xem xét mot truong hop cu thé1a Y ¢6 phan phdi Poisson, mét s6 phin phéi quen thudc
khéc nhu Bernoulli hay hinh hoc van chung mot két ludn nhu thé. Dinh li duéi diy c6 dang cta luat yéu s
16n.

Pinh li 2. Néu Y la bién Poisson vdi tham s6 A > 0 thi )?Nn hoi tu theo xdc sudt vé u, nghia la véi moi € > 0,

lim P (| Xy, — 1| >€)=0
n—soo
Chiing minh. V6i hai s6 duong € va € ma € < min(u,1—p) <&, vi
P (1%, — | > €') <P (%, — | > )
nén chi cén tién hanh chiing minh nay véi gia dinh € < min(u,1—pu).
Trudc tién, bdi ludt xac suit toan phan va tinh doc lap ctia N, d6i v6i cac X tii gia thiét, dé thdy
2 ( Xy, —ul > e) =Y o P(Ny = k)P (

< P(N, = 0)+ ¥, P( n:k>P< >£|N,,:k)

=P(Ny =0)+ X7 P(Ny =k)P(|Sn, — UNu| > €Ny|N, = k)
< P(Ny = 0)+ X2 P(Ny = k)P (|Sn, — UNa| > ENy|N, = k)
P(Ny = 0)+P(|Sn, — WNn| > ENy).

X;,n —u’ > €[N, :k)

Xy, —H

St dung Hé qua 1 két hgp vdi gia thiét N, la bién Poisson tham s nA va [ p

P(ISy, — UNa| > €N,) < 2Eexp (— [ N, ]ez)

m+1
< 2exp (26%) Lp_oexp(—nd) % (")’) exp (—%)
k
=2exp (262 —nA) ¥p o & ((n)L)exp <—n%zl))

—exp (- (1o (—255)) 427

S6 hang cudi cung tién vé 0 khi # tién ra vo cuc, va P (N, = 0) = exp(—nA) ciing la mot s6 hang tién vé 0 khi
n tién ra vo cuc, do d6 dinh li dugc chiing minh.

Pang tiéc raing, mic du chiing minh trén da dong thdi chi ra téc do hoi tu ctia luat yéu s6 16n nay la ma,
nhung chin dugc st dung trong phép chling minh van chua phan énh sat véi thuc té€ khi n hodc nA chua dua
16n. Mot phép tinh chi tiét sé chi rd han ché nay trong phan tiép theo.

KET LUAN

DPé tao ra mot moé phong cho Pinh li 2 va dong thdi minh hoa viéce ¢ thé dp dung céc két qua da dé cap &
nhiing phan trudc khi X nhén gid tri trén mot khoang bi chin bat ki nhu thé nao, & phin nay, X dugc cu théla
trung binh cdng ctia hai bién ngau nhién doc lap cung ¢ phan phdi déu, nhung la trén khoang [4,b] thay vi
khoang [0,1] nhu trudc. N6i cach khéc,

X = M , trong d6 U va V doc 1ap va cung c6 phan phéi déu trén [a,b].

Gid tri k1 vong cta X la ‘”b va clia % la % Vi thé,

(-] o) -5 - b

Néue < L 254 thi p& < 2 Khi d6, theo Hé qua 1,

N, Xj—a 1 2[ N,
P (|2, 3 — IM| > 52aMn) < 2Bexp (-2 (555) [ ]) -

Luu ¥, trong bit ddng thuc trén, X|,X5, . .. 1a ddy m phu thudc va ddng nhit phan phéi véi X viia mo ta &
phén d4u ctia muc nay. Gid st U;, U, ... la cdc bién ngdu nhién doc lap 1an nhau va ciing c6 phéin phéi déu
trén [a,b], khi d6 v6in > 1, néu X, = % thi X1, X>,... 1a vi du cho day mot phu thudc va cac thanh
phéan dong nhat phan phdi véi X.
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Tiép tuc udc lugng ki vong & vé€ phai theo cic bude tuong tu khi chiing minh Pinh li 2 d€ thu dugc dénh gid

ECXP<_2(1; —a [ s >
gexp(fn/l(lfexp< m+l( 8) ) 2(5% )2>

T6m lai,
PR 37| >e)
§4exp(—nl( —exp( %( =) )) (%a)z>
Néu st dung bét déng thiic nay xac dinh 7 sao cho
7
ma trong d6 € va a la cdc gia tri mong muon cho trudc, thi c¢é thé st dung
n>A"! <1 —exp (7% (%)2»7 <log( )+2(3%) ) .

GidsiA =20 ,m=l,a=—-1,b=2€e= ﬁ, a= ﬁ, theo d6 n dugc khuyén 1a khéng bé hon 26962. Tuy
nhién, néu quan sat Hinh 1 c6 thé sé thdy ring day la mot udc lugng tho. Vai stta d6i phu hgp trén céc gia

- b
XMf%‘>s)§a

dinh ban d4u két hgp véi céc budc danh gia chit ché hon déi vdi cdc bat ddng thic c6 1é sé mang lai mot chin
trén hiéu qua hon khi cin dén nhiing tinh todn s6 nhu thé nay.

1.0 4
a+b
2
08 a+h
- —-e
2
0.6 aEh
2
|><2 R —
0.4 -
0.2 -
0.0 -

r T T T T T 1
0 5000 15000 25000

n

Hinh 1: Minh hoa lu4t sé 16n trong trudng hgp Y ¢6 phan phéi Poissonthamsé A =20vaXx;,X,, ... laday mét
phu thuéc, nghia lam = 1, cu thé X, = 1 (U, + U,,.1) ma trong d6 U, U, ... la cac bién ngéu nhién déc lap
1an nhau va cling cé phan phéi déu trén khoang [-1,2]. G day ¢6 200 qui dao diing tai n = 30000 va & = ;.

XUNG POT LOI iCH

Céc tac gia khong canh tranh lgi ich.

PONG GOP CUA CAC TAC GIA

Céc tac gia c6 dong gop nhu nhau cho bai viét nay. Tét ca tdc gia da soan ban thao, doc va duyét phién ban
cudi cuing ctia ban thao.

TAILIEU THAM KHAO

1. Ferguson TS. A course in large sample theory. Chapman & Hall texts in statistical science. In: Chapman and Hall/CRC; 1996.

2. Hoeffding W. Probability inequalities for sums of bounded random variables. Journal of the American statistical association.
1963;58(301):13-30.

3. Chernoff H. A measure of asymptotic efficiency for tests of a hypothesis based on the sum of observations. The Annals of
Mathematical Statistics. 1952;23(4):493-507.

297



Science & Technology Development Journal - Natural Sciences, 3(4):294-298
@ Open Access Full Text Article Research Article

Weak law of large numbers for randomly indexed sequences of
m-dependent random variables

Tran Loc Hung', Nguyen Tan Nhut?"

EAEE

= k. '}\\i a
,,;.\\'\—: ABSTRACT
puttl First, we establish the inequalities related to the upper bound for the probability of the sum of a

u vari istyi i itions. i 2l ,
Chias random number of random variables satisfying certain conditions. More specifically, in Theorem 1

Use your smartphone to scan this these variables are assumed that get values on a bounded interval and, in particular, are setting un-
QR code and download this article der m-dependence assumption instead of the usual independence, where independence is merely

the specific case of m-dependence when m equal to 0. For a random index with a familiar distri-
bution, it is possible to proceed to make reasonable estimates for the expected terms on the right-
hand side of the two inequalities in Theorem 1 to obtain Chernoff-Hoeffding-style bounds. Those
bounds will be employed to prove that there is a weak law of large numbers for the sequence of
m-dependent random variables correspondingly, and the convergence rate is exponential. Next,
in Theorem 2, we had chosen the Poisson distributed index as a typical for presentation. Finally, this
theorem is illustrated through an image which is constructed by simulated values of 1-dependent
variables. Here, the way that we have applied to create a 1-dependent sequence from an indepen-
dent sequence that it is likely will help readers understand more about m-dependence structure.
Key words: weak law of large numbers, random sums of random variables, m-dependence,
Chernoff-Hoeffding inequality
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